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Abstract

Double Field Theory (DFT) is a framework in which we can explicitly build

T-duality covariant field theories. The aim of this work is to review DFT in a

geometrical perspective, by focusing on the structures and ideas that arise from

the theory and by highlighting its main differences with usual Riemannian geome-

try. We will start with a brief introductions to the basic concepts of Riemannian

geometry, supergravity and T-duality and we will follow with a review of doubled

sigma-models. Then we will introduce the geometry of doubled manifold, with

generalised vectors and tensors, and we will show how T-duality is geometrically

realised. We will illustrate how this new geometry can be reduced to Generalised

Geometry on geometric backgrounds and to its locally realisation on non-geometric

ones. We will conclude with a brief exposition about the Heterotic extension of

Double Field Theory.
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[Einstein] said “Your math is great but your physics is dismal”

when LeMaitre was trying to explain the expanding universe [...]

and I love it because that’s often what physicists tell string theorists.

— Juan Maldacena
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Introduction

From its early days theoretical physics has always stimulated research in pure mathe-

matics and in particular in the field of geometry. For instance the classical spacetime of

General Relativity can be constructed by gluing together coordinate patches with diffeo-

morphisms and then defining a metric tensor on this differential manifold to generalise

the concept of inner product on vector spaces. If we patch together the open sets of

a differential manifold with gauge symmetries we are fundamentally building principal

bundles over that manifold. Nowadays, since String Theory presents some totally new

symmetries that are unprecedented in ordinary field theories, it is natural to expect that

we can originate new geometries by gluing patches of spacetime with these or by identify-

ing a totally new framework in which all the new symmetries are geometrically realised.

Moreover string theories are characterised by a spacetime equipped with a two-form

gauge field and a scalar dilaton on an equal footing with the metric: this fact suggests

that it can exist a more fundamental geometry that can treat these objects in a unified

description

String Theory, born at first in the 60s as a model in order to give a description for

strong interactions, is currently the most popular and studied theory in physics. Its

revolutionary idea of replacing point particles with vibrating strings and of interpreting

the different particles of the Standard Model with their vibrational modes was extremely

successful because it was able to describe the graviton, and then to include general

relativity as low energy limit. However the theory was not free of defects: the spectrum

of bosonic String Theory contained not only the graviton, but also a Tachyon and the

model was formulated on 26-dimensional spacetime. The introduction of Superstring

Theory, with supersymmetric worldsheets, made the theory able to describe fermions, to

remove the tachyons and to reduce the number of dimensions of spacetime to 10. This led

in the 80s to the beginning of the so-called ”first superstring revolution”, during which

was discovered that among all the possible string models only five consistent theories

are anomaly-free. These theories are known in literature as Type I, Type II, Type IIB,

Heterotic SO(32), Heterotic E8 × E8.

In the following years were determined many dualities that related couples of super-

string theories. A duality in general is the fact that, given a theory, sometimes there

exists a different one that is able to describe exactly the same physics as the first. Duali-

ties can exist also in Quantum Field Theory and in the history of physics the most famous
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is probably the one of the electromagnetism with itself when we exchange the electric

and magnetic field, changing one of the signs. The discovery that the supersymmetric

theories were linked by an actual web of dualities increased the hope that String Theory

could reach unity and finally Witten in 1995 presented his research [1]. He illustrated

how all five superstring theories together with a sixth theory, the 11-dimensional super-

gravity, are nothing but different limits of a new, single and fundamental 11-dimensional

theory that was named M-theory.

T-duality is the equivalence between two string theories, one on a background com-

pactified with radius R and one with radius 1/R, through which the momenta p of the

strings in the first theory are mapped in winding numbers (the number of times the string

winds around the circle) of the second theory and vice versa. This situation can also be

extended to a generic d-dimensional torus compactification for which the symmetry group

will be O(d, d;Z). T-duality is a fundamental property and essentially an analogous on

the worldsheet of the electromagnetic duality on Minkowski spacetime. Since it is abelian

and it is a weak-weak duality, it has a good behaviour in perturbation theory, thus it

was one of the first discovered dualities and of the most studied. In particular it relates

Type I to Type II and Heterotic SO(32), to Heterotic E8 × E8.

The many attempts to develop an explicit O(d, d)-covariant theory led finally to the

formulation of Double Field Theory in [2] by actually doubling the dimensions of the

spacetime and by making the coordinates transform under the fundamental representa-

tion of O(d, d). In [3] the theory was reformulated in terms of the generalised metric,

a single T-duality covariant object that embodies both the Riemannian metric and the

gerbe connection. However, since we have doubled the degrees of freedom we need to

introduce a constraint, thus the theory will be constrained. The geometry underlying

Double Field Theory proved to be of great interest for its ability to generalise geometry

of string backgrounds and deal with non-geometric ones.

In section 1 we will recall some fundamental notions of Riemannian geometry, the

mathematical framework that Doubled Geometry aim to generalise. We will summarise

the essential definitions and the fundamental objects, like connection, torsion and Rie-

mannian curvature.

Section 2 is preliminary too: we will briefly illustrate the geometry of the space-

time of a supergravity theory, that is fundamentally a Riemannian manifold equipped

also with a scalar field φ and a gauge field b. We will define the concept of geometric



8

background and see what it means that b is a gerbe connection and we will find conse-

quences. Moreover we will present the action and the algebra of the transformations of

supergravity.

In section 3 we will discuss the properties of T-duality itself. In the first part we

will derive the existence of this Z2 symmetry on a simple sigma-model with a circular

compactified target space. In the second part we will introduce the grebe connection b

in the model trough a Wess-Zumino action and we will summarise some properties, like

the quantization. In the third part we will list the main features of T-duality group for

a generic torus compactification and we will decomposed it in b-shifts, basis changes and

factorised T-dualities, explaining the geometrical interpretations of all these subgroups.

We will also introduce the geometric subgroup of O(d, d).

In section 4 we will discuss doubled sigma models, the worldsheet formulation of

Doubled Field Theory. In the first part we will illustrate how a string sigma model

on a torus bundle, equipped with a Wess-Zumino term encoding the b-field, can be

described using the U(1)d connection of the bundle together with other fields that can be

interpreted as the connection of the its dual model. In the second part we will introduce

the O(d, d)-covariant doubled formalism for a worldsheet theory with a doubled torus

bundle as target space. In the third part we will explain the polarization, a mechanism

that reduces the doubled model to an ordinary string together with its dual, and we will

explain how to embody T-duality transformations. In the last part we will present the

simple example of a circular compactification.

The low-energy of the doubled sigma model is Double Field Theory In section 5 we

will organically explain the geometry underlying the theory. In the first part we will define

more accurately the concept of doubled manifold, while in the second we will discuss more

in detail the constraint on which the fields are subjected and we will introduce the strong

constraint, explaining its motivations. In the third part we will explain how the doubled

manifold can include and describe both geometric backgrounds and T-folds and when

this can happen. A T-folds are a special class of non-geometric backgrounds obtained by

geometric local patches U ×T d, where U is a patch of a base manifold and T d is a torus,

equipped with a metric, a 2-form gauge field and a dilaton, but that do not patch together

to form a torus bundle. We will show how doubled geometry can be used to describe

also these non-geometric backgrounds. In the fourth part we will introduce the concepts

of generalised Lie derivative and C-bracket and we will explain how these objects are

used to determine the algebra of Double Field Theory. In the fifth part we will show

how, by applying the strong constraint on generalised vectors they reduce to elements of
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the generalised tangent bundle twisted by a gerbe of the spacetime manifold and the C-

bracket between them to the Courant bracket. If there is not a globally defined manifold,

like in the instance of a T-fold, this picture is allowed only locally. In the sixth part we

will extend this discussion to Generalised tensors and we will explain the geometrical

meaning of the generalised metric on this new vector bundle. In the seventh, eighth and

ninth part we will introduce the direct generalisations of the main objects of Riemannian

geometry: generalised connection, generalised torsion and generalised curvature, while in

the tenth part we will show the coordinate-free formulation of these objects. In the last

part of this section we will finally define an action for Double Field Theory on the doubled

manifold in perfect analogy with Einstein-Hilbert action of general relativity by using a

generalised scalar curvature instead of its Riemannian counterpart. We will briefly derive

the field equations and we will present the generalisation of Bianchi identities.

We will show in section 6 that the geometry we exposed so far can be further

generalised to include also the low-energy limits of Heterotic String Theory, in which

metric, gerbe connection and dilaton that determine the background in ordinary Double

Field Theory are coupled to Yang-Mills fields. In the first part we will present the

abelian version of the theory, covariant under O(D,D + n) and then in the second part

we will illustrate the non-abelian generalisation, in which O(D,D + n) is finally broken

to O(D,D)×G where G is the gauge group. It is important to note that this is obtained

with a deformation of the gauge transformations and consequently of C-bracket.

In the appendix, for completeness, we will present the Large Gauge Transformations

in Double Field Theory, an alternative proposal that aim to embody the finite gauge

transformations of Double Field Theory as generalised coordinate transformations of the

doubled manifold itself. We will briefly expose its logic and its main problematics.
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1 Fundamentals of Riemannian Geometry

Riemannian geometry is the basic language in which Einstein’s theory of gravitation is

written. It is based on the fact that a differential manifold can have a further structure if

it is equipped with a globally defined tensor g, that can act as a natural generalization of

the inner product between two vectors in Euclidean geometry to a metric on an arbitrary

manifold. In this section, following [4] and [5], fundamental notions of Riemannian

geometry will be recalled.

Definition 1.1. A Riemannian manifold (M, g) is a differential manifold M with a

symmetric and positive (0, 2)-tensor field g ∈ Γ(Sym2(T ∗M)).

We can define a pseudo-Riemannian manifold by weakening the conditions on the

metric tensor: g is now not positive but it needs to satisfy the condition that g(v, w) = 0

for all vectors v ∈ TM implies v = 0.

1.1 Metric

A metric g on a manifold defines a canonical volume form

Volg =
√
|detg|, (1.1)

that does not depend on the coordinates, but it is not a tensor because the sign flips if

you move to a coordinate chart with opposite orientation.

Definition 1.2. The Hodge star ?g : ΛrM → Λm−rM is an isomorphism between the

vector space of r-forms and the vector space of the (m − r)-forms, with m ≡ dim(M),

canonically induced by the metric g mapping

?g(dx
µ1 ∧ · · · ∧ dxµr ) =

√
||detg||

(m− r)!
εµ1...µ2

µr+1...νmdxµr+1 ∧ · · · ∧ dxµm (1.2)

Using the Hodge star it is possible to define an inner product on the vector space of

the r-forms:

(·, ·) : ΛrM × ΛrM −→ R

α, β 7−→ (α, β) ≡
∫
M
α ∧ ?β.

(1.3)

1.2 Connection

We will indicate the space of the section of a bundle E , for example the tangent bundle

TM or the cotangent bundle T ∗M , with the symbol Γ(E).
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Definition 1.3. An affine connection ∇ is a bilinear map

∇ : Γ(TM)× Γ(TM) −→ Γ(TM)

V,W 7−→ ∇VW
(1.4)

such that for any U, V,W ∈ TM and any f ∈ F(M) it satisfies:

∇fVW = f∇VW

∇V (fW ) = V [f ]W + f∇VW.
(1.5)

Since it is linear, we can totally specify an affine connection by its action on basis

vector fields:

∇µeν ≡ Γ α
µν eα (1.6)

where we used the notation ∇µ := ∇eµ and we call {Γ α
µν } ⊂ F(M) the connection

components. Using the definition of connection we can write in components:

∇VW = V µ∇µ(W νeν)

= V µ(eµ[W ν ]eν +W ν∇µeν) = V µ(∂µW
ν + Γ ν

µλ Wλ)eν
(1.7)

1.3 Torsion

We may decompose the components of the connection ∇ into symmetric and antisym-

metric parts Γ λ
µν = S λ

µν + 1
2T

λ
µν , where S λ

µν ≡ Γ λ
(µν) and T λ

µν ≡ 2Γ λ
[µν] . The

antisymmetric components tranform like a (1, 2)-tensor, then we can define the tortion

tensor as T = T λ
µν ∂λ ⊗ dxµ ⊗ dxν . We can obtain a basis invariant definition of the

torsion as the antisymmetric map

T : Γ(TM)× Γ(TM) −→ Γ(TM)

V,W 7−→ T (V,W ) ≡ ∇VW −∇WV − [V,W ]
(1.8)

The torsion map is bilinear and satisfies T (fV, gW ) = fgT (V,W ) for every f, g ∈ F(M).

This means that we can recover the previous coordinate dependent definition of torsion

by

T λ
µν = 〈eλ, T (eµ, eν)〉 (1.9)

1.4 Metric and Levi-Civita connection

Definition 1.4. A given connection ∇ is a metric connection if for each vector V ∈ TM

it verifies the condition

∇V g = 0 (1.10)
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In cordinates we have

∂µgαβ − Γ λ
µα gλβ − Γ λ

µβ gλα. (1.11)

Using (1.11) and its cyclic permutations and defining the Christoffel symbols as

C α
µν ≡ 1

2
gαβ(∂µgνβ + ∂νgµβ − ∂βgµν), (1.12)

we finally obtain that the symmetric part of the connection splits as

S α
µν = C α

µν + Tα(µν) (1.13)

where Tαµν = gαβgνλT
λ

βµ . This means that a metric connection is determined entirely

by the choose of a metrig g and a torsion T .

Definition 1.5. A given connection ∇ is a Levi-Civita connection if it is a metric

connection and the torsion vanishes everywhere T = 0.

Hence g completely determines the connection and its components are exactly the

Christoffel symbols Γ α
µν = C α

µν .

1.5 Curvature

Definition 1.6. We define the curvature of a Riemannian manifold M as the trilinear

map

R : Γ(TM)× Γ(TM)× Γ(TM) −→ Γ(TM)

U, V ,W 7−→ R(U, V,W ) ≡ [∇U ,∇V ]W −∇[U,V ]W.
(1.14)

It is easy to verify that the curvature satisfies the fundamental property

R(fU, gV, hW ) = fghR(U, V,W ), (1.15)

where f, g, h are three smooth functions on M . It follows that the curvature map defines

defines a tensor R ∈ T ∗M ⊗ TM ⊗ TM

Rαβµν = 〈eα, R(eµ, eν , eβ)〉, (1.16)

where we have choosen a coordinate basis {eµ}. From the antisymmetry R(U, V,W ) =

−R(V,U,W ) of the curvature map we have the antysymmetry of the curvature tensor

in the last two indices Rαβµν = −Rαβνµ. Using the Christoffel symbols we can explicitly

write the curvature tensor as

Rαβµν = ∂µΓ α
νβ − ∂νΓ α

µβ + Γ λ
νβ Γ α

µλ − Γ λ
µβ Γ α

νλ . (1.17)
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2 Fundamentals of Supergravity

In this preliminary section we will briefly recall some fundamental notions about the

bosonic sector of supergravity theories, that are theories naturally obtained imposing

locally a super Poincare supersymmetry sISO(1, d− 1) just like general relativity follows

from the imposition of a local Poincare symmetry ISO(1, d − 1). The NS-NS sector

can be viewed as a generalization of Einstein’s gravity and determines the geometrical

background in string theory.

Definition 2.1. A geometrical background (M, g, b, φ) is a Riemannian manifold M with

a metric g ∈ Γ(Sym2(T ∗M)), a gerbe connection b and a scalar field φ ∈ F(M).

The request that b is a gerbe connection means that, given two coordinate patches

U,U ′ ⊂ M with respectively coordinates x and x′, it transforms under diffeomorphisms

on M together with gauge transformations of the form b′ = b+dΛ. It means that there is

not a global defined 2-form b, but only a global defined 3-form H ≡ db = db′. Combining

diffeomorphisms and gauge transformations, we have that it transforms in general as

b′µν(x′) =

(
bαβ(x) + ∂αΛβ − ∂βΛα

)
∂xα

∂x′ν
∂xβ

∂x′ν
. (2.1)

It follows that, given two patches Uα and Uβ equipped respectively with gerbe connections

bα and bβ , on the overlap Uα ∩ Uβ we will have the relation

bα − bβ = dλαβ , (2.2)

where λαβ ∈ T ∗(Uα ∩ Uβ) is a 1-form defined on the overlap. Moreover, if we consider a

triple overlap Uα ∩ Uβ ∩ Uγ of three patches, from the previous result we will have

bα − bβ = dλαβ , bβ − bγ = dλβγ , bγ − bα = dλγα, (2.3)

where λαβ , λβγ , λγα ∈ T ∗(Uα∩Uβ∩Uγ) are three 1-forms on the triple overlap. Summing

together the relations (2) we will obtain a condition for these forms:

d(λαβ + λβγ + λγα) = 0. (2.4)

If the overlap is contractible we can define on it a set of scalar field σαβγ such that

λαβ + λβγ + λγα = dσαβγ . (2.5)

Analogously with the previous rsults, on the quadruple overlap Uα ∩ Uβ ∩ Uγ ∩ Uδ we

will have the relation d(σαβγ +σβγδ + · · · ) = 0 and then we can define a set of constants

Cαβγδ = d(σαβγ + σβγδ + · · · ) is the overlap is contractible.
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The effective action in the low-energy limit for the NS-NS sector of a 10-dimensional

string theory is

SNSNS =

∫
M

d10x
√
|g|e−2φ

[
R(g) + 4(∂φ)2 − 1

12
H2
]
, (2.6)

where |g| is the determinant of the metric, R(g) is the Ricci scalar and the 3-form is

H ≡ db.

We now look at the symmetries of the action SNSNS and we find that it is explicitly

invariant under the action of the group of diffeomorphisms of the spacetime manifold

Diff(M). We can parametrize infinitesimally any diffeomorphism at the point x with a

vector ξ ∈ TxM and we obtain the infinitesimal transformations for the fields:

δξg = Lξg

δξb = Lξb

δξφ = Lξφ = ξ[φ]

(2.7)

, where Lξ is the usual Lie derivative along xi. In coordinates we have:

(δξg)µν = ξλ∂λgµν + gµλ∂νξ
λ + gνλ∂µξ

λ

(δξb)µν = ξλ∂λbµν + bµλ∂νξ
λ + gνλ∂µξ

λ

δξφ = ξµ∂µφ.

(2.8)

Since H = db we have that dH = 0 and therefore any gauge transformation of the form

b′ = b+ dλ, where λ ∈ T ∗M , leave the action SNSNS unchanged. Locally we can write a

gauge transformation for b as:

δλg = 0

δλb = dλ

δλφ = 0.

(2.9)

And in coordinates:

(δλb)µν = ∂µλν − ∂νλµ (2.10)

Thus the total group of the symmetries of the theory is Diff(M)×Z2(M), where Zr(M)

is the space of the closed r-forms.
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3 T-duality

In this section it will be discussed the symmetry that emerges from the toroidal compact-

ification of a String Theory known as T-duality. The original researches about T-duality

on the worldsheet studied mainly the non-linear sigma-models on a geometric background

equipped with metric and gerbe connection that present an isometry along the compact

dimensions, like the work of Buscher [10], [11] and also Siegel [12]. In our discussion, we

will follow [6] to illustrate the basic example of the quantum theory of a sigma-model

with circular compactification and the emergence of T-duality in this case. Then we will

summarise some relevant results for the general instance of a torus bundle.

3.1 Circular Compactification in String Theory

Let us consider a sigma-model on a 2-dimensional worldsheet Σ, equipped with a metric

gαβ , with a circle as target space. We define over this surface a scalar field φ : Σ→ S1 =

R/2πZ that represent the position of a string on the circle and action of the sigma-model

will be

S[φ] ≡ R2

4π

∫
Σ

√
|g|∂αφ∂αφ =

R2

4π

∫
Σ

dφ ∧ ∗dφ (3.1)

that determines the classical equations of motion d ∗ dφ = 0. Now we want to define a

more general theory that can be reduced to this one. Let us consider a trivial S1-bundle

equipped with a connection A and define a covariant derivative DAφ ≡ dφ+A. For the

new theory we start with the action

S[φ,A] ≡ R2

4π

∫
Σ

√
|g|(∂αφ+Aα)(∂αφ+Aα) =

R2

4π

∫
Σ

DAφ ∧ ∗DAφ, (3.2)

but we note that there is not a mechanism that imposes A = 0 to recover the original

action. Since the bundle is trivial we can globally define a curvature as FA = dA and

add another term to the action (3.2):

S[φ,A, φ̃] =
R2

4π

∫
Σ

DAφ ∧ ∗DAφ−
i

2π

∫
Σ

φ̃ ∧ F, (3.3)

where φ̃ is a new auxiliary field φ̃ : Σ→ S1. This time the action S[φ,A, φ̃] is equivalent

to S[φ] and it can by easily shown by solving the action by φ̃, that acts as a action

multyplier. We will obtain directly FA = 0, thus we can impose this result to the first

term. We can do a gauge choice in which A = 0 and recover the original sigma-model.

Now we can write the Euclidean partition function of this new theory:

ZE[φ,A, φ̃] =

∫
DφDADφ̃ exp

[
− R2

4π

∫
Σ

Dφ ∧ ∗Dφ+
i

2π

∫
Σ

φ̃ ∧ FA
]
, (3.4)
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where we ignored every constant of proportionality. We previously noted that S[φ,A, φ̃]

is equivalent to S[φ], thus it follows that the path integral ZE[φ,A, φ̃] is equivalent to the

partition function ZE[φ] of the original theory with only the field φ:

ZE[φ] =

∫
Dφ exp

(
− R2

4π

∫
Σ

dφ ∧ ∗dφ
)
. (3.5)

We can integrate out φ from (3.4) by fixing the gauge φ = 0, therefore we will have

ZE[φ,A, φ̃] =

∫
DADφ̃ exp

[
− R2

4π

∫
Σ

A ∧ ∗A+
i

2π

∫
Σ

φ̃ ∧ FA
]
. (3.6)

Now we need to note that the second term of the exponential is

i

2π

∫
Σ

φ̃ ∧ FA = − i

2π

∫
Σ

A ∧ dφ̃. (3.7)

If we make the change of variables

A′ := A+
i

R2
∗ dφ̃, (3.8)

and if we include also the Faddeev-Popov integral, we obtain that the resulting partition

function is

ZE[φ,A′, φ̃] =

∫
DcDc̄e−R

2

4π

∫
Σ

d2σc̄c

∫
DA′e−R

2

4π

∫
Σ
A′∧∗A′

∫
Dφ̃e−

1
4πR2

∫
Σ

dφ̃∧∗dφ̃. (3.9)

The integral over Faddeev-Popov ghosts gives us (
∫

dte−tR
2/4π)−1 for each scalar and

2-form field over Σ and the gaussian integral over A′ gives us
∫

dte−tR
2/4π for each 1-form

field over Σ. The numbers of scalars, 1-forms and 2-forms are the Betti numbers thus,

multiplying these factors, we will have the total constant (R/2π)χ(Σ), where χ(Σ) is the

genus of the surface. Therefore:

ZE[φ,A′, φ̃] =

(
R

2π

)χ(Σ) ∫
Dφ̃ exp

(
− 1

4πR2

∫
Σ

dφ̃ ∧ ∗dφ̃
)
. (3.10)

We have previously seen that the the theory described by ZE[φ,A′, φ̃] is equivalent to the

original ZE[φ], thus we can equate the two partition functions:

ZE[φ] =

∫
Dφ exp

[
−R

2

4π

∫
Σ

dφ∧∗dφ
]

= (
R

2π
)χ(Σ)

∫
Dσ exp

[
−R

2

4π

∫
Σ

dφ̃∧∗dφ̃
]

(3.11)

It follows directly that a 2-dimensional sigma-model with coupling R is equivalent to an

another sigma-model with coupling 1/R. This Z2 symmetry is the T-duality group for

one compactified dimension.

From a complete review like [7] we know that the mass spectrum of a closed string

on a circle S1 with radius R is

M2 = (N + Ñ − 2) + p2 l
2
s

R2
+ w2R

2

l2s
, (3.12)
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where ls symbolizes the string lenght scale and w is the winding number of the string. If

we define R̃ ≡ l2s/R
2 as the dual radius and we use the notation p̃ ≡ w, we can rewrite

(3.12) in the symmetric form

M2 = (N + Ñ − 2) + p2 l
2
s

R2
+ p̃2 l

2
s

R̃2
. (3.13)

In this form it is easy to note that for any level the mass spectrum is invariant under T-

duality that exchanges R↔ R̃ and pleftrightarrowp̃, therefore it is physically impossible

with a mass measurement to distinguish between a string warped w times on a circle of

radius R̃ and a string that is moving on a circle of radius R with momentum w.

3.2 Wess-Zumino Term

We will introduce in the action of a string sigma-model, besides the kinetic term, also

a Wess-Zumino integral [16] that encodes the gerbe connection and it will be important

when we will discuss doubled sigma-models. The term is

SWZ[b] =

∫
Σ

φ∗b, (3.14)

where φ : Σ→M is an injection from the worldsheet Σ to the target manifold M that is

equipped with a gerbe connection b. If the 2-form field b were global defined, we would

obtain

SWZ[b] =

∫
φ(Σ)

b =

∫
φ(Σ)

d2σbµν(φ(σ))εαβ
∂xµ

∂σα
∂xν

∂σβ
. (3.15)

But since it is a gerbe connection, b will be defined up to a transformation b′ = b+dλ with

λ 1-form, thus b is not a global defined 2-form field. However the 3-form H ≡ db = db′

is well-defined everywhere, thus we can use Stoke’s lemma to write

S[b] =

∫
N

dφ∗b =

∫
N

φ∗H, (3.16)

where N is a manifold such that its boundary is the worldsheet: ∂N = Σ. Since such

a manifold is not unique, it introduces an ambiguity, that we can measure, given two

manifolds N and N ′ with opposite orientations such that ∂N = ∂N ′ = Σ, as

∆[b] ≡
∫
N

φ∗H −
∫
N ′
φ∗H =

∫
N−N ′

φ∗H =

∫
φ(N−N ′)

H, (3.17)

This ambiguity do not influence the classical equation of motion, but it has effect in

the quantum theory. From the path integral Z =
∫
Dφ exp i(S[b] + ∆[b]) it follows that

∆[b]/2π ∈ Z, since it cannot depend on the particular choice of 3-cycle. Therefore we

have the quantization:
1

2π

∫
c3

H ∈ Z (3.18)

for any 3-cycle c3.



3.3 General T-duality Basics 18

3.3 General T-duality Basics

In this subsection we will summarize from the wide review [7] some basic concepts of

T-duality of a general torus compactification that will be necessary in the discussion of

the principles of Double Field Theory.

The T-duality symmetry group Z2 of the circle compactification is generalised to the

group O(D,D;Z) for a background with a toroidal compactification and with constant

metric and gerbe connection. Now we can pack the momentum pµ and the winding

numbers p̃µ in a single 2D-dimensional O(D,D;Z)-vector

PM ≡

pµ
p̃µ

 , (3.19)

and we can also arrange the metric g and the gerbe connection b as the matrix

HMN ≡

gµν − bµαgαβbβν bµαg
αν

−gµαbαν gµν

 . (3.20)

The mass operator M2 can now be written as

M2 = (N + Ñ − 2) + PMHMNP
N . (3.21)

Moreover the Level Matching Condition (LMC) of String Theory can be expressed as

N − Ñ =
1

2
PMPM , (3.22)

where to lower the index we used the O(D,D)-invariant metric

ηMN ≡

0 1

1 0

 . (3.23)

In Double Field Theory we will restrict ourselves to the string modes with N + Ñ = 2,

i.e. in the decompactified limit, although we will consider compact spaces. It follows that

we will have states with N = Ñ = 1 and on these states the Level Matching Condition

implies that the generalised momenta are orthogonal, thus we will have the constraint

PMPM = 0.

Finally we can show tha generic element of the O(D,D;Z) group can be decomposed

as a product of the following transformations:

(i). B-shifts:

hB =

1 Θ

0 1

 (3.24)
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where Θµν = −Θνµ ∈ Z. They are named this way beacuse if we transform

the generalised metric under this subgroup as H′ = hT
BHhB , we will obtain a

transformation of the gerbe connection b′ = b + Θ that, on a torus background,

does not change the physics.

(ii). Basis Changes:

hA =

A 0

0 (AT)−1

 (3.25)

where A ∈ GL(D,Z). They represent the basis changes of the lattice Γ that defines

a torus as the coset space T d = Rd/Γ. If we transform the generalised metric under

this subgroup as H′ = hT
AHhA, we will obtain the following transformation for the

metric and the b-field:

g′ = ATgA,

b′ = ATbA,
(3.26)

(iii). Factorised T-dualities:

h(k) =

1− tk t

t 1− tk

 (3.27)

where t is the D × D-matrix t = diag(0, · · · , 0, 1, 0, · · · , 0) with the 1 is in the

k-th position. A transformation h(k) has the effect to exchange the radius R(k) of

the k-th circle with its dual R̃(k) and to exchange the k-th component pk of the

momentum with the winding number wk of the k-th circle.

We can also define the geometric subgroup Γ(d,Z) = GL(D,Z)×Z
D(D−1)

2 of O(D,D;Z)

as the product the one of basis changes and of the one of b-shifts. It will be important

later and its elements are of the form

(hΓ) N
M =

A Θ

0 (AT)−1

 . (3.28)
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4 Doubled sigma-models

There were various attempts to write an explicitly O(D,D)-covariant worldsheet actions

that led to the definition of the doubled coordinates X = (x, x̃) and the generalised

metric that we have seen in the previous section. In this period particularly relevant are

the works by M. J. Duff and A. A. Tseytlin (see [8], [9]) that presented an O(D,D)-

covariant action in which T-duality is implemented as a canonical transformation of the

phase space of the string:

S[g, b] =
1

2

∫
Σ

d2σ
(
HMN∂1X

M∂1X
N − ηMN∂0x

M∂1X
N
)

(4.1)

that can be obtained by the Hamiltonian density

H =
1

2
ZMHMNZN (4.2)

where ZM = (pµ, ∂1x
µ)T with the canonical momentum pµ = −gµν∂0x

ν + bµν∂1x
ν .

In this section we will focus on backgrounds with a torus fibration and we will the

explore the worldsheet doubled formalism by C. Hull, devoloped in [14] and [15] (see

also [20], [16], [17] and [18]), that is essentially the fundamental language for Double

Field Theory in its current fashion.

4.1 T-duality on the worldsheet

Let us consider as target space for a string sigma-model a torus bundle M with base

manifold N :

S[g, b] =
1

2

∫
Σ

(
gµνdφµ ∧ ?dφν + bµνdφµ ∧ dφν

)
(4.3)

On each patch U × T d of M , where U is a patch of the base manifold, there exist d

commuting vector fields ki ∈ T (U × T d), tangent in particular to the torus fibres, that

generate periodic orbits. We can assume that they are Killing vector fields, thus ıkiH = 0.

One can define the non-degenerate matrix Gij ≡ g(ki, kj) of funcions on U and then set

of 1-forms {ξi}i=1,...,d ⊂ T ∗(U × T d)

ξi ≡ Gijıkjg, (4.4)

determined by 〈ξi, kj〉 = 1. On each patch we can choose coordinates φµ = (ym, xi) where

{ym}m=1,...,dim(N) are coordinates of the base manifold N and xii=1,...,d are coordinates

on the fiber T d such that set of vector fields kii=1,...,d determines a frame on the fibers. It

means that, given a scalar field ψ ∈ F(U × T d), a derivation along these vectors became

ki[ψ] = ∂ψ/∂xi. It follows that, since we have seen that Lkig = 0 = LkiH, the fields g
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and H are independent from coordinates xi. Moreover we have that ξi(φ) = dxi+Ai(y),

where the 1-forms Ai(y) = Aim(y)dym are the connection forms on the base manifold

N for M seen as a bundle. We note that the field strengths F i ≡ dξi = dAi of these

1-forms trivially satisfy the condition ıkiF
j = 0.

The assumpion ıkiH = 0 implies that ıki1 . . . ıkinH is closed for n up to 3 and thus

there exists a contractible open set V ⊂ U ×T d in which ıki ıkj ıklH = Kijl are constants.

We note that

K ≡ 1

6
KijldX

i ∧ dXj ∧ dX l (4.5)

is a closed 3-form, so we can choose a new H ′ = H−K. Now H ′ is closed and it satisfies

ıki ıkj ıkkH
′ = 0. In V there exist 1-forms ui an antisymmetric matrix of functions Bij

such that

ıkiH
′ = dui,

ıki ıkjH
′ = −dBij ,

(4.6)

and from this latter we deduce that LkiBjl = 0. There is a redundancy in the definition

of the ui since they are identified up to an exact 1-form. Therefore, if we consider a set

of functions fi on V such that the condition

ıkidfj = Bij + ıkiuj , (4.7)

we can define a new set of 1-form fields u′i ≡ ui − dfi ∈ T ∗(U × T d) thus that we now

have ıkiu
′
j = Bij and Lkiu′j = 0. We use this these to locally define another set of 1-form

Ãi ≡ u′i +Bijξ
j (4.8)

that satisfy the properties ıkiÃj = Bij and LkiÃj = 0. We define the field streghts

F̂i = dÂi.

We can use these forms to decompose the metric tensor g ∈ Sym2(T ∗(U × T d)) on

each patch U × T d of the torus bundle as

g = ḡ +Gijξ
i ⊗ ξj (4.9)

where ḡ ∈ Sym2(T ∗U) is the metric on U . Analogously we can split the gerbe connection

b and its field strenght H as

b = b̄+ ξi ∧ Ãi + 1
2Bijξ

i ∧ ξj + κ,

H = H̄ + F̃i ∧ ξi + dB +K,
(4.10)

where κ is a 2-form such that dκ = K, that we can assume to be κ = 1
6Kijlx

idxj ∧ dxl,

and where B is a two form B ≡ 1
2Bijξ

i ∧ ξj . We can take the differential of these forms
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to obtain respectively

H = db = db̄+ F i ∧ Ãi,

dH = −F̃i ∧ F i.
(4.11)

The fields Âi = Âim(y)dym can be interpreted as connections for a torus bundle M̃ ,

dual to the original M , built over the base manifold N . This means that they are not

globally defined. Introducing coordinates (ym, x̃i) for a patch U × T̃ d we can define a set

of well-defined 1-forms ξ̃i ≡ dx̃i + Ãi, with their field streghts F̃i ≡ dξ̃i = dÃi. Moreover

we can define a new set of vectors k̃i ≡ ∂/∂x̃i.

4.2 Doubled formalism

We can construct doubled patches of the form U × T d × T̃ d, where U is a patch of the

original base manifold N and T d, T̃ d are two tori dual to each other. We can patch

together these double patches to obtain a new torus bundle M̂ , that we will call doubled

manifold. We note that there exists an explicit O(d, d;Z) action on M̂ that becomes

explicit if we pack the coordinates of the tori, the connections and the 1-forms as

XI =

xi
x̃i

 , AI =

Ai
Ãi

 , ΞI =

ξi
ξ̃i

 , (4.12)

These three objects transorm in the fundamental representation of O(d, d). In other

words, for a transformation of the coordinates X ′ = hX where h ∈ O(d, d;Z), we have

the transformation for the connection and 1-forms

A′ = hA

Ξ′ = hΞ.
(4.13)

Since AI and ΞI transform covariantly under these transformations, they are O(d, d)-

vectors. We can also pack the moduli G and B of the torus fibres in a new O(d, d)-tensor,

named generalised metric

H ≡

G−BG−1B BG−1

−G−1B G−1

 (4.14)

that transforms covariantly under the same transformation X ′ = hX with h ∈ O(d, d;Z):

H′(X ′) = hTH(X)h. (4.15)

The generalised metric also satisfies the condition H−1 = ηHη, where the matrix η is the

O(d, d)-singlet

η =

0 1

1 0

 (4.16)
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Now we want to construct a new sigma-model with the doubled torus bundle M̂ as

target space. In analogy with canonical momenta in a string sigma-model we can define

generalised momenta 1-form on the worldsheet Σ as

PI ≡ dXI +AI , (4.17)

where now d is the exterior derivative on Σ. If we call ḡ the metric of the base manifold N

and b̄ the gerbe connection on N , we can write the full action of a doubled sigma-model

as

SDSM ≡ S̄ +

∫
Σ

(
1

4
HIJPI ∧ ∗PJ −

1

2
ηIJdXI ∧ AJ

)
+ Stop (4.18)

where S̄ is the action of a sigma-model with the base manifold N as target space

S̄ =

∫
Σ

(
1

2
ḡmn(y)dym ∧ ∗dyn +

1

2
b̄mn(y)dym ∧ dyn −Ai(y) ∧Ai(y)

)
(4.19)

and where Stop is a topological term of the form

Stop =
1

2

∫
Σ

ΩIJdXI ∧ dXJ , (4.20)

with ΩIJ antisymmetric constant matrix, that consequently is O(d, d;Z)-tensor. The

presence of this term does not change the equations of motion but it has relevance in

the quantum theory. Using Stoke’s lemma we can rewrite the Wess-Zumino term of this

action as

SWZ ≡ −
1

2

∫
Σ

ηIJPI ∧ AJ = −1

2

∫
V

ηIJPI ∧ FJ , (4.21)

where V is a 3-dimensional manifold such that ∂V = Σ and FJ is the pull-back of the

curvature 2-form FJ = dAJ ∈ Λ2N on the worldsheet. From the functional derivative

of the action δSDSM/δX
I = 0 we find the equations of motion

d ∗ (HIJPJ) = ηIJFJ . (4.22)

These equations can be reformulated as a current conservation

d ∗ JI = 0, JI ≡ HIJPJ − ηIJ ∗ PJ . (4.23)

4.3 Polarisation

The operation of choosing a geometric background M from the doubled torus fibration

M̂ is called polarisation. It means that from each double torus fiber T 2d we need to select

a physical T d at any point of the base manifold N . After the splitting T 2d = T d × T̃ d,

we introduce the coordinates X = (x, x̃) with x over T d and x̃ over the dual torus T̃ d.
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It follows that we need to split the group O(d, d) to GL(d)×GL(d). Now we can define

a couple of constant projectors Π, that maps vectors from the space of O(d, d)-vectors

to the one of GL(d)-vectors in fundamental representation, and Π that projects O(d, d)-

vectors to GL(d)-vectors in the dual representation. If we pack these two objects in a

single projector

Θ =

Π

Π

 (4.24)

that maps O(d, d)-vectors to GL(d)×GL(d)-vectors. We can use this new projector and

its dual Θ̂ ≡ η−1Θη to recover the usual supergravity components of the doubled fields

A,H:

ΘA =

Ai
Ãi

 , Θ̂HΘ̂T =

G−BG−1B BG−1

−G−1B G−1

 (4.25)

The T-duality symmetry is embodied by the fact that the physics does not depend on

choice of polarisation. As explained by [14] and [15] there are two possible equivalent

interpretations of a T-duality transformation:

(i). Active interpretation: the geometry of the background, encoded by the fields H

and A, transforms while the projector Θ is left unchanged

X ′ = hX,

A′ = hA,

H′ = hTHh,

Θ′ = Θ.

(4.26)

(ii). Passive interpretation: the geometry of the background is fixed, while the projector

transforms

X ′ = X,

A′ = A,

H′ = H,

Θ′ = Θh.

(4.27)

We have seen that, since we doubled the coordinates of spacetime and the number of

degrees of freedom of the starting model, we need to add a constraint on the theory to

reproduce the same physics of the original model. It was shown in [15] that the proper

constraint to impose to the doubled sigma-model is

P = S ∗ P, (4.28)

where we define SI J ≡ ηIKHKJ . This constraint first of all has the effect to break

GL(2d,Z) to the subgroup O(d, d;Z) of T-duality. Moreover, if we compare (4.28) with
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the equations of motion (4.23), we will have that the contraint implies that the current

vanishes: JI = 0. To understand the meaning of this condition we need to use an

O(d)×O(d) generalisation of a vielbein E, defined such that ETE = H (see [14] and [15]).

These vielbein can be split in two components

EAI =

EaI
Ea
′

I

 (4.29)

where a and a′ are O(d)-indices. Hence the generalised metric and the η matrix can be

decomposed as

HIJ = EaIE
b
Jδab + Ea

′

IE
b′

Jδa′b′ ,

ηIJ = EaIE
b
Jδab − Ea

′

IE
b′

Jδa′b′ .
(4.30)

By using these expressions we can write the current JI = 0 in frame components:

0 = EAIJ
I =

 Pa − ∗Pa
Pa′ + ∗Pa′

 . (4.31)

If we change coordinates on the metric to the null coordinates σ± = σ1 ± σ2, we have

that (4.31) becomes

Pa− = 0, Pa
′

+ = 0, (4.32)

and therefore we have two vanishing chiral currents

Ja± ≡

 0

Pa−

 = 0, Ja
′

± ≡

Pa′+

0

 = 0. (4.33)

For instance, if we consider a trivial bundle of the form HIJ = δIJ , this equation will

become

Ja± =

 0

∂−X
a
R

 = 0, Ja
′

± =

∂+X
a′

L

0

 = 0, (4.34)

where XR ≡ x + x̃ and XL ≡ x − x̃ and thus we recover the well-known fact that the

Xa
R are right-mover, while the Xa′

L are left-mover. Now we have the correct number of

degrees of freedom. In [14] was proved that on a general bundle the constraint J = 0

imposes the choice of a polarisation Θ that splits X intox
x̃

 = ΘX (4.35)

and gauges away x̃, with the effect of reducing the doubled sigma-model to the original

sigma-model (4.3).
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4.4 Doubled Formalism for Circle Compactification

We can, for example, look at the simplest instance of spacetime manifold M = R1,n×S1

with a circular extra dimension. We double the fibre S1 to obtain the doubled manifold

S1 × S̃1 ∼= T 2. It is easy to see that the generalised metric will be

H =

R2 0

0 R−2

 . (4.36)

The Z2-invariant action is simply:

SDSM = S̄ +

∫
S1×S̃1

(
1

4
R2dx ∧ ?dx+

1

4
R−2dx̃ ∧ ?dx̃− 1

2
dx ∧A− 1

2
dx̃ ∧ Ã

)
(4.37)

where A is the U(1) connection of the trivial bundle R1,n × S1 and Ã is the one of the

dual R1,n × S̃1.
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5 Doubled Geometry

Now we may ask if there exists a field theory on the doubled target space that can

be obtained as the low energy effective theory of the doubled sigma-model just like

supergravity can be viewed as the low energy limit of a standard String Theory. The

aim of this section is to formulate Double Field Theory in a geometrical fashion. Since

it generalise standard supergravity, the geometry underlying the theory will be different

from usual Riemannian geometry. It follows the new name Doubled Geometry. We start

with the fundamental definition of a doubled manifold M̂ and we will introduce the

concept of generalised vector field and generalised tensor field. We will prove that a

doubled manifold contains string backgrounds, both geometric and non-geometric, and

we will show how generalised fields can reduce to supergravity. We will finally define a

notion of curvature on the doubled manifold that will allow us to write a free Double

Field Theory action in analogy with Einstein-Hilbert action.

5.1 Doubled Manifolds

We need a differential manifold such that a linear transformation of the coordinates

X ′ = hX with h ∈ O(D,D) is well-defined to equip with a generalised metric H.

Definition 5.1. A doubled space (R2D,H, d) is a R2D space equipped with

(i). a positive symmetric 2D × 2D-matrix field H named generalized metric such that

(a). its inverse is H−1 = ηTHη where η is the 2D× 2D-matrix singlet of O(D,D),

(b). it transforms covariantly under an O(D,D) transformation of the coordinates,

(ii). a scalar density d named dilaton density.

We can represent the O(D,D) transformations by building a fundamental O(D,D)-

module: to do this we need to group the coordinates (x, x̃) of a point on the doubled

manifold as an O(D,D)-vector

X ≡ (x, x̃), (5.1)

and thus represent a O(D,D) transformation as a linear map

X ′ = hX (5.2)

where h ∈ O(D,D). It follows that, according to our definition of generalized metric, we

will have that it transforms covariantly as

H′(X ′) = hTH(X)h, (5.3)
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while the dilaton density is clearly a singlet:

d′(X ′) = d(X). (5.4)

Let us consider the D-dimensional lattice Γ ≡
⊕D

i=1(2πRi) ⊂ RD and its dual defined

as Γ̃ ≡
⊕D

i=1(2πR−1
i ) ⊂ RD. We can now define the doubled torus as the coset space

T 2D ≡ R2D/(Γ⊕ Γ̃), (5.5)

where (R2D,H, d) is a doubled space. Since the lattice Γ⊕ Γ̃ must be mapped in itself by

O(D,D) transformations, we need to restrict this group to its discrete version O(D,D;Z).

Hence the generalised metric will be an O(D,D;Z)-tensor for transformations X ′ = hX

with h ∈ O(D,D;Z) and both the fields H, d will be periodic in the coordinates.

We can build a doubled torus bundle M̂ over a base manifold N by pathcing {U×T 2d},

where {U} are patches of N and the fibre is a doubled torus (T2d,H, d). As we have

seen, the base manifold is equipped with U(1)2d connections A, Ã and the components

of the generalised metric H can be seen as moduli.

The generalised metric H and the dilaton density d encode the fields of supergravity

as

HMN =

gµν − bµαgαβbβν bµαg
αν

−gµαbαν gµν

 , e−2d =
√
|g|e−2φ. (5.6)

The important remark is that the generalised metric H is not a tensor field on a

generic doubled manifold M̂ nor a section of some tensor bundle that has the double

manifold M̂ as base manifold, but it is just a matrix field that satisfies the condition

(5.3). On the other hand H is an O(D,D)-tensor, since it transforms covariantly under

O(D,D) transformations of the coordinates. The matrix η is not a tensor on the doubled

manifold M̂ , but its a constant matrix and a singlet under the action of O(D,D). Its

geometrical meaning will be explained later. In coordinates it is

ηMN =

0 1

1 0

 . (5.7)

In analogy with the generalised metric we can enrich the structure of the doubled

manifold by adding O(D,D) vectors V , that transform covariantly under O(D,D) trans-

formation of the coordinates. Moreover we have seen in section 3 that the Level Matching

Condition (3.22) implies that the O(D,D)-momenta of the states of Double Field Theory

must satisfy PMPM = 0, that implies ∂M∂M = 0 on the fields.

Definition 5.2. A generalised vector field is an O(D,D)-vector field on the doubled

manifold M̂ such that it transforms like V ′(X ′) = hV (X) for every change of coordinates



5.2 Strong Constraint 29

X ′ = hX with h ∈ O(D,D). A generalised vector V must also be constrained with

∂M∂MV = 0.

These objects are named generalised vectors in analogy with generalised metric and

just like the generalised metric they are not vectors on the doubled manifold, or in other

words they are not sections of tangent bundle of the doubled manifold TM̂ . The concept

of generalised vector field V (x, x̃) that depends on both x and x̃ coordinates has not a

proper geometrical interpretation. We will see later that, removing the dependence on

the x̃-coordinates with a stronger constraint, we can recover a geometrical interpretation

as a section of a particular vector bundle.

The set of generalised vector fields of the doubled manifold trivially form a real vector

space. This is clear since any linear combination aV + bW with a, b ∈ R is O(D,D)-

covariant too

aV ′(X ′) + bW ′(X ′) = ahV (X) + bhW (X) = h(aV (X) + bW (X)) (5.8)

and satisfies the constraint ∂M∂MV = 0. We will symbolise the space of generalised

vector fields with G.

Now we can show the first geometrical meaning of the η matrix: we can use it to

define a pseudo-Euclidean metric between generalised vectors.

Definition 5.3. We define an inner product between two generalised vectors V,W by

〈V,W 〉 ≡ V TηW (5.9)

If we write a generalised vector in coordinates VM the metric can be written as

〈V (X),W (X)〉 = ηMNV
M (X)WN (X) (5.10)

and can be used to raise and lower the index of a generalised vector by defyining

VM (X) ≡ ηMNV
N (X) and VM (X) ≡ ηMNVN (X). If we write two generalised vec-

tors in components

VM =

vµ
ṽµ

 , WM =

wµ
w̃µ

 (5.11)

we will have

〈V,W 〉 = vµw̃µ + ṽµw
µ. (5.12)

5.2 Strong Constraint

Since we have doubled the degrees of freedom with the definition of the doubled manifold,

we need to impose a constraint on the theory to halve them again. The constraint
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that we need can be derived from the Level Matching Condition of String Theory that

we reformulated in (3.22) in terms of O(D,D)-vectors. We have also seen that, for

the allowed states in Double Field Theory, the Level Matching Condition implies that

the inner product of the generalised momentum of a field with itself must vanish. It

becomes the request ∂M∂M = 0 on every field. However this condition is problematic

because, given two fields Φ1,Φ2 ∈ F(M̂) such that ∂M∂MΦ1,2 = 0, their product will

not necessarily satisfy it. In fact ∂M∂M (Φ1Φ2) = 2∂MΦ1∂MΦ2.

We require that, given any set Φi(X)i∈I ⊂ F(M̂) of fields or gauge parameters, every

element of this set and all of their possible products and powers must be annihilated by

∂M∂M operator. In other words we want that ∂M∂MΦi = 0, as well as ∂M∂M (ΦiΦj) =

0, more generally all the multiple products ∂M∂M (Φi1 . . .Φin) = 0 et cetera. This

requirement can be automatically satisfied if we ask that for all i, j ∈ I we have

∂MΦi∂MΦj = 0. (5.13)

This condition is known as strong constraint, since it is stronger than requiring simply

∂M∂M = 0.

Let us consider a single Fourier mode of a field ΦP ∈ F(Û) with generalised momen-

tum P on the doubled space R2D

ΦP (X) = cP e
i〈P,X〉, (5.14)

where X is regarded as a O(D,D)-vector. If we act with the ∂M∂M operator we obtain

the expression

∂M∂MΦP (X) = 〈P, P 〉cP ei〈P,X〉, (5.15)

therefore the condition ∂M∂MΦP (X) = 0 implies that 〈P, P 〉 = 0, or in other words that

P is a null vector. More generally we proved that the momentum vector P corresponding

to each Fourier component of each field is then a null vector. From the constraint (5.13)

we obtain also that momenta associated to different fields ΦP,i(X) are orthogonal:

〈Pi, Pj〉 = 0 (5.16)

where we called {Pi} the momentum modes of ΦP,i(X) and {Pj} the ones of ΦP,j(X).

The only possible conclusion is that the momenta Pi lie on a totally isotropic subspace

of R2D, i.e. a subspace on which all vectors are null and orthogonal to each other.

The maximal isotropic subspace is defined as the isotropic subspace with the maximum
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possible number of dimensions and for R2D it is D-dimensional. For example we have a

canonical maximal isotropic subspace T ∗ spanned by generalized covectors of the form

P̄M =

pµ
0

 . (5.17)

Since 〈P̄ ,X〉 = pµx
µ, any Fourier mode ΦP̄ (X) = cP̄ e

ipµx
µ

with momentum of the

form P̄ will not depend on x̃-coordinates. Therefore these vectors span the subspace

of the momenta of the fields that are independent from x̃-coordinates. A general field

Φ(X) ∈ F(Û) that depends only on the x-coordinates can be built as

Φ(X) ≡
∑
P̄

ΦP̄ (X), (5.18)

where the sum is over a subset of the canonical maximal isotropic subspace T ∗. We note

that any maximal isotropic subspace of R2D can be obtained by applying an O(D,D)

transformation to a starting one. It can be seen from the fact that the 〈·, ·〉 metric is

O(D,D)-invariant: given a set of generalised vectors Pi ∈ VX and a matrix h ∈ O(D,D)

we have that 〈hPi, hPj〉 = 〈Pi, Pj〉 and therefore every couple of maximal isotropic spaces

I, I ′ is related by an h ∈ O(D,D) transformation: I ′ = hI. In particular, if we choose the

canonical maximal isotropic subspace as I ′, we have that there always exist coordinates

X ′ = hX in which the generalised momenta are of the form (5.17) and in which the fields

do not depend on the last D coordinates. It follows that locally, in these coordinates, we

may express the strong constraint as

∂̃µ = 0. (5.19)

We remark that these arguments can directly extended to the doubled torus and to the

doubled torus bundle so that the condition ∂̃µ = 0 can be used there.

5.3 Geometric Backgrounds and T-folds

Since the results of previous paragraphs are valid locally, we have shown that any sub-

patch Uα × T d of the patches Uα × T 2d of the doubled torus bundle is essentially a

geometric background (Uα × T d, gα, bα, φα). We may now ask when these patches can

actually define globally a manifold M : we will closely follow [14] and [15] to answer this

question.

In the instance of a Riemannian torus bundle with fibre T d every transition function

always include an element of the large diffeomorphisms group of the torus GL(d,Z), but

if the patches Uα × T d of this bundle are also equipped with T-duality we will have
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transition function in general in O(D,D;Z). This happens because, given a T-dualiy

transformation h ∈ O(D,D;Z), the transition function t ∈ GL(d,Z) will be mapped to

a new t′ = hth−1 that in general will be an element of O(d, d;Z) and not anymore an

element of the large diffeomorphisms group. Physically, as we have seen, this corresponds

to the fact that we can mix momenta and winding numbers when we are patching together

the Uα×T d. Consequently if we allow transition functions to be elements of the T-duality

group O(d, d;Z), in general we will not have a globally defined Riemannian torus bundle.

We now look again at the instance with patches (Uα× T d, gα, bα, φα) and we call the

components of the metric and of the gerbe connection ḡα and b̄α that lie on the patch Uα.

On every overlap Uα ∩ Uβ , these fields are patched togheter with usual diffeomorphisms

and gauge transformations of the gerbe connection. On the other hand the U(1)2d con-

nections Aα, Ãα packed in the single object Aα and the moduli fields Gαij , B
α
ij packed in

the generalised metric Hα are patched together through transition functions in the group

O(D,D;Z) n U(1)2d, where

1. the T-duality group O(D,D;Z), as we have seen, is embodied by the transforma-

tions

Hα = (hαβ)THβhαβ , A′α = (hαβ)−1Aβ , (5.20)

2. the gauge group U(1)2d represent the gauge transformations of the connection as

A′Iα = AIβ + dλIαβ (5.21)

and can be thought as a translation XI = −λI on the circles of the doubled fibres.

The geometric subgroup of the general group O(D,D;Z) n U(1)2d of the transition

functions is defined here as Γ(d,Z) n U(1)2d where Γ(d,Z) ≡ GL(d,Z) n Z
d(d−1)

2 is the

combination of group of large diffeomorphisms of the torus T d and of the group of the

B-shifts that we have seen in (3.24). If the structure group of the bundle is a subgroup

of the geometric subgroup Γ(d,Z)nU(1)2d, then the Uα×T d will patch together to form

a geometric background. On the other hand, if the transition functions are generally in

O(D,D;Z)nU(1)2d we will have a more general background, known as T-fold, introduced

by [15]. In this new non-geometric background every circle S1 of the torus with radius

R is glued with its dual S̃1 with radius R̃

However, if we consider the patches Uα× T 2d of the doubled torus bundle, the group

O(D,D;Z) n U(1)2d can be totally interpreted geometrically on the fibres T 2d: in fact

O(D,D;Z) is a subgroup of the group of large diffeomorphisms GL(2D,Z) and U(1)2d

can be seen as the group of translations of the coordinates of the torus. Therefore it is
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always possible to patch together the doubled patches to obtain a doubled torus bundle,

then we can use the doubled manifold to discuss the geometry of a T-fold. We need to

choose a polarisation Θ = (Π,Π) that will be independent from the choice of a patch

and that splits the coordinates of the doubled manifold into the physical x and the dual

x̃ on each patch: xα
x̃α

 = ΘXα (5.22)

Figure 1: Graphic representation of a T-fold [Credit: Falk Hassler]



5.4 Generalised Lie derivative and C-bracket 34

5.4 Generalised Lie derivative and C-bracket

The algebra of Double Field Theory was systematically investigated in [22] and [23] and

it emerged that the generalised gauge transformations form a totally new algebra de-

termined by the C-bracket, that we will define in this section. If we impose the strong

constraint we will have that the C-bracket reduces to the Courant bracket and we recover,

locally, a Courant algebroid. This fact will be the beginning of an interesting overlap

with Generalised Geometry (see [24]) In the first part of this section we will introduce

the concept of Lie and Courant algebroid (see [21] for a wide and comprehensive disser-

tation), while in the second we will define the generalised Lie derivatives and C-brackets,

illustrating their relevant properties.

5.4.1 Lie and Courant algebroids

First of all we give the fundamental definition of Lie algebroid.

Definition 5.4. A Lie algebroid over a manifold M is a vector bundle (L,M, π) equipped

with Lie bracket [·, ·] on its space of sections

[·, ·] : Γ(L)× Γ(L) −→ Γ(L) (5.23)

and with a morphism ρ of vector bundles (called anchor)

ρ : L −→ TM (5.24)

whose tangent map dρ preserves the bracket

dρ([X,Y ]Γ(L)) = [dρ(X),dρ(Y )]Γ(TM) (5.25)

and such that it holds the following Leibniz rule:

[X, fY ] = f [X,Y ] + ρ(X)[f ]Y, ∀X,Y ∈ Γ(L), f ∈ C∞(M). (5.26)

We need to introduce the concept of Lie bialgebroid: a couple of Lie algebroids defined

on dual vector bundles that are compatible each other.

Definition 5.5. A Lie bialgebroid over a manifold M is a couple (L,L∗) where L and

its dual bundle L∗ are Lie algebroids such that satisfy

dL[X,Y ] = [dLX,Y ] + [X,dLY ]. (5.27)

On a manifold M the tangent bundle TM equipped with the commutator of vector

fields [·, ·]TM as Lie bracket and the identity map as anchor ρ : TM → TM is a Lie

algebroid. The couple (TM, T ∗M) is a bialgebroid.
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Now it is necessary to introduce an object that measures a bracket’s failure to satisfy

the Jacobi identity.

Definition 5.6. The Jacobiator of a bilinear, skew-symmetric operator [·, ·] on a vector

space V is

Jac(e1, e2, e3) = [[e1, e2], e3] + [[e2, e3], e1] + [[e3, e1], e2], e1, e2, e3 ∈ V. (5.28)

The Jacobiator is clearly a trilinear, skewsymmetric operator on V .

Definition 5.7. A Courant algebroid [24] over a manifold M is a vector bundle E →M

equipped with a skew-symmentric bracket J·, ·K on the space of sections Γ(E), a non-

degenerate bilinear form 〈·, ·〉 on the bundle E and a bundle map π : E → TM such that

the following conditions are satisfied for all e1, e2, e3 ∈ Γ(E) and f, g ∈ C∞(M):

• π(Je1, e2K) = [π(e1), π(e2)],

• Jac(e1, e2, e3) = 1
3d

(
〈Je1, e2K, e3〉+ c.p.

)
,

• Je1, fe2K = fJe1, e2K + π(e1)[f ]e2 − 〈e1, e2〉df ,

• π ◦ d = 0 ⇒ 〈df, dg〉 = 0,

• π(e1)[〈e2, e3〉] = 〈e1 • e2, e3〉+ 〈e2, e1 • e3〉,

where we considered Λ1M as a subset of Γ(E) via the map 1
2π
∗ : Λ1M → Γ(E) and where

we defined the binary operator • as

e1 • e2 ≡ Je1, e2K + d〈e1, e2〉 (5.29)

If we take a bialgebroid (L,L∗) over a base manifold M , with anchors π and π∗

respectively, and if we consider the direct sum of the two bundles L ⊕ L∗, we can see

that there exist two naturally defined non-degenerate bilinear forms:

〈X + ξ, Y + η〉± ≡ 〈ξ, Y 〉 ± 〈η,X〉, (5.30)

one symmetric and one antisymmetric. On the space of sections Γ(L ⊕ L∗) we can

introduce the canonical bracket by

JX + ξ, Y + ηK ≡ [X,Y ]Γ(L) + LL
∗

ξ Y − LL
∗

η X − 1

2
dL∗〈X + ξ, Y + η〉−+

+ [ξ, η]Γ(L) + LLXη − LLη ξ −
1

2
dL〈X + ξ, Y + η〉−.

(5.31)
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Theorem 5.8. If (L,L∗) is a Lie bialgebroid, then the bundle L ⊕ L∗ is a Courant

algebroid with symmetric bilinear form 〈·, ·〉+ as defined in (5.30), skew-symmetric bracket

J·, ·K as defined in (5.31) and anchor π : L⊕L∗ → TM such that for every X+ξ ∈ L⊕L∗

π(X + ξ) ≡ πL(X) + πL∗(ξ), (5.32)

where πL and πL∗ are respectively the anchors of L and L∗.

We have seen that (TM, T ∗M) is a Lie bialgebroid over the base manifold M : it

follows that the generalized tangent bundle TM ⊕ T ∗M is naturally a Courant algebroid

and the bracket defined in (5.31) reduces to

JX + ξ, Y + ηK = [X,Y ] + LXη − LY ξ +
1

2
d(ıY ξ − ıXη), (5.33)

where [·, ·] is the commutator of vector fields and LX is the usual Lie derivative along X.

This bracket are commonly called Courant bracket of the generalized tangent bundle.

5.4.2 Algebra of Double Field Theory

Finally we can return to discuss about doubled manifolds. We precedently showed that

the space of generalised vector fields cannot be interpreted as a fibre of a bundle over M̂

(at least if we do not impose the strong constraint). Usually Lie derivatives are defined

on the space of sections of a vector bundle and this could be an obstacle, since there is

not an actual section space that can be equipped with it. We want to provide generalised

vector fields with a Lie derivative-like object that can reproduce the infinitesimal trans-

formations of the fields in supergravity under both diffeomorphisms and gauge variation

of the gerbe connection. To do so, we will define a generalised Lie derivative and in

the next section we will prove that it gives us the transformations of supergravity on

geometric backgrounds.

Definition 5.9. We define the generalised Lie derivative of two generalized vector field

V (X),W (X) as

(L̂VW )M (X) ≡ [V (X),W (X)]M + 〈V (X), ∂MW (X)〉 (5.34)

where [·, ·] is the usual commutator and 〈·, ·〉 is the O(D,D)-invariant pseudo-euclidean

metric.

Rewriting the (5.34) in coordinates we have

(L̂VW )M = V N∂NW
M +WN (∂MVN − ∂NVM ). (5.35)
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More generally we may follow [27] in defining the generalised Lie derivative of a O(D,D)

tensorial density as

L̂V TA1...An ≡ VM∂MTA1...An + ω(T )∂MV
MTA1...An+

+

n∑
i=1

(∂AiVM − ∂MVAi)T M
A1...Ai−1 Ai+1...An ,

(5.36)

where ω(T ) is the weight. For example for the dilaton density e−2d ≡
√
|g|e−2π we must

impose ω(e2d) = 0 and for the generalised metric ω(H) = 0. Therefore for these fields

we will have the transformations

(L̂V e−2d)M = ∂M (VMe−2d),

(L̂VH)MN = (LVH)MN + ∂MVKHKN + ∂NVKHKM ,
(5.37)

where LVH indicates the terms of the usual Lie derivative of H along V if they were

respectively an usual a tensor and a vector on the doubled manifold.

The generalised Lie derivative satisfies some interesting properties:

1. the Leibniz rule is valid: L̂V (AB) = L̂V (A)B +AL̂V (B),

2. the generalised tensor η is constant under generalised Lie derivative: L̂V (η) = 0,

3. the transformation parametrized by a gradient ∂MS vanishes: L̂η−1∂S(A) = 0.

This means that if we add a gradient to a gauge parameter V , the result does not

change: L̂V+η−1∂S(A) = L̂V (A) = 0.

Now we must verify that the transformations defined by the generalised Lie derivative

form a closed group. We need to note that an O(D,D) tensor T transforms covariantly,

i.e. δV T = L̂V T , but a general object that fails to be covariant will transform as δV T =

L̂V T + ∆V T , where ∆V measure this failure. The group of the gauge transformations

defined by the generalised Lie derivative, to be closed, needs that the composition of

two successive transformations parametrized by V1 and V2 on a field W must be itself

a gauge transformation parametrized by a vector V12. Thus we need to impose the

condition ∆V1
(L̂V2

W ) = 0, that implies

([L̂V1
, L̂V2

]− L̂V12
)W = 0. (5.38)

The resulting V12 will be nothing but L̂V1V2. This motivates the definition of a new

bracket.
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Definition 5.10. We define the D-bracket of two generalized vector fields as the gener-

alized Lie derivative of the latter along the first one:

[·, ·]D : Γ̂(V)× Γ̂(V) → Γ̂(V)

(V,W ) −→ [V,W ]D ≡ L̂VW
(5.39)

Definition 5.11. We define the C-bracket of two generalized vector fields as the anti-

symmetrization of the D-bracket:

J·, ·KC :→ Γ̂(V)× → Γ̂(V) →→ Γ̂(V)

(V,W ) −→ JV,W KC ≡ 1
2

(
[V,W ]D − [W,V ]D

) (5.40)

Rewriting in coordinates it takes the form

JV,W KMC ≡ V N∂NWM −WN∂NV
M − 1

2

(
V N∂MWN −WN∂MVN

)
. (5.41)

We note that the C-bracket satisfies the crucial property that the gauge algebra of Double

Field Theory can be written compactly as

[L̂V , L̂W ] = L̂JV,W KC
. (5.42)

C-bracket is an antisymmetric bracket, therefore we can evaluate its jacobiator

Jac(U, V,W ) = JJU, V K,W K + cyclic, (5.43)

that in general is non-vanishing. Therefore to ensure the closure of the group of the

gauge transformations of Double Field Theory we need to constrain the theory. For

instance, if we restrict the theory with the strong constraint we will have that (5.38) is

automatically satisfied. But also configurations that violate the strong constraint that

work are studied.

5.5 Generalised Vectors

In this subsection we will see how, if we have constrained the theory with the strong con-

straint, the space of the generalised vector fields equipped with generalised Lie derivative

L̂V and C-bracket J·, ·KC reduces perfectly to the space of the sections of a Courant al-

gebroid E(M) equipped with usual Lie derivative and Courant bracket, provided that a

submanifold M is globally defined. Otherwise, if there is not a globally defined manifold,

like in the instance of a T-fold, this picture is valid only locally on the patches U , on

which we will have a structure E(U). These fundamental results are elucidated in [19]

(for Courant bracket in Double Field Theory see also [22] and [23]).
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On a patch Û ⊂ M̂ we can split the coordinates into X = (x, x̃). We note that the

O(D,D)-module V2D that transforms under the fundamental representation of O(D,D)

can be decomposed as

V2D = VD ⊕ V ′D, (5.44)

where VD is the GL(D,R)-module of vectors that transform in the fundamental repre-

sentation of the general linear group and V ′D is the GL(D,R)-module of the ones that

transform in the dual representation representation. Now we can decompose a generalised

vector V ∈ V2D as

V =

v
ṽ

 , (5.45)

where v ∈ VD and ṽ ∈ V ′D. As we have seen we can solve the strong constraint imposing

∂̃ = 0 so that all the fields and parameters are independent from the x̃-coordinates. Now

the fields are defined on the D-dimensional patches U ⊂ Û . Let’s suppouse that their

union is a global defined submanifold M ⊂ M̂ . If we consider generalised vector fields

V (x) that do not depend on the x̃-coordinates, we may ask if they can be reconducted

to some known structure over the spacetime submanifold M , if it is globally defined.

We will find that generalised vector fields V (x) that depend only on the x-coordinates

are actually elements of a bundle E over the submanifold M . We recall that, given two

generalised vector fields V,W , the generalised Lie derivative of the former along the latter

is defined as

(L̂VW )M (X) = V N (X)∂NW
M (X) +WN (X)(∂MVN (X)− ∂NVM (X)). (5.46)

and it decomposes as

(L̂VW )M (x) =

 (Lvw)µ(x)

(Lvw̃µ)(x) + wν(x)
(
∂µṽν(x)− ∂ν ṽµ(x)

)
 , (5.47)

where Lv is the usual Lie derivative. Now we consider an infinitesimal gauge transfor-

mation with the parameter V (x) of the generalised vector field W (x), that will be of the

form

δVW = L̂VW. (5.48)

In components we obtain

(δV w)µ = (Lvw)µ

(δV w̃)µ = (Lvw̃)µ + wν(∂µṽν − ∂ν ṽµ).
(5.49)

Since its variation equals the usual Lie derivative, we can verify that the component w(x)

is properly a vector field on the D-dimensional submanifold M . On the other hand the
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transformation law of w̃(x) is similar to the one of a 1-form field over M , but it is not

the same.

Recall that the gerbe connection b of a geometric background transforms like

(δV b)µν = L̂vbµν + ∂µṽν − ∂ν ṽµ. (5.50)

If we equip the submanifold M with this 2-form field, we can define a new object

ŵµ ≡ w̃µ − bµνwν . (5.51)

Now, to prove that this new object is a 1-form field ŵ(x) ∈ Γ(T ∗M) on the spacetime

submanifold, it is enough to verify that transforms as

(δV ŵ)µ = (Lvŵ)µ. (5.52)

We can pack the vector field w(x) and the 1-form field ŵ in a new vector

Ŵ ≡ w ⊕ ŵ, (5.53)

that is, therefore, a section of the generalised tangent bundle TM⊕T ∗M of the spacetime

manifold M . This means that it transforms with the usual δvŴ
M = LvŴM under gauge

transformation of the Double Field Theory. We can easily recover the transformation

rules of a vector and a 1-form:

w′µ(x′) =
∂x′µ

∂xν
wµ(x), ŵ′µ(x′) =

∂xν

∂xµ
ŵµ(x). (5.54)

where the coordinate change is the usual

x′(x) = e−vx. (5.55)

Recalling that the transformation parametrized by the generalised vector V (x) =

(v(x), ṽ(x))T of the gerbe connection is

b′µν(x′) =

[
bαβ(x) + ∂αṽβ − ∂β ṽα

]
∂xα

∂x′µ
∂xβ

∂x′ν
(5.56)

and writing w̃µ(x) = w̃µ(x) + bµνw
ν , we can obtain the transformation law for w̃(x):

w̃′µ(x′) = ŵµ(x)
∂xν

∂xµ
+

[
bαβ(x) + ∂αṽβ − ∂β ṽα

]
∂xα

∂x′µ
∂xβ

∂x′ν
wγ

∂x′ν

∂xγ
=

=

[
w̃µ(x) + (∂β ṽν − ∂β ṽν)wβ

]
∂x′ν

∂xµ
.

(5.57)
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In conclusion, in Double Field Theory constrained with the strong constraint, we can

identify three totally different kind of vectors on the doubled manifold M̂ :

(i). Vector fields on the doubled manifold: W ∈ Γ(TM̂), that transforms under

Diff(M̂);

(ii). Untwisted generalised vector fields: Ŵ = w ⊕ ŵ ∈ Γ(TM ⊕ T ∗M) is a

section of the so called generalised tangent bundle TM ⊕ T ∗M of the spacetime

manifold M ⊂ M̂ and transforms under Diff(M), the group of diffeomorphisms of

the doubled manifold;

(iii). Generalised vector fields: W = w ⊕ w̃ ∈ Γ(E) is a section of the bundle E on

the spacetime manifold M ⊂ M̂ , that is the Courant algebroid identified by the

short exact sequence

0→ T ∗M → E → TM → 0.

The bundle E is a deformation of the generalised tangent bundle, commonly called

TM⊕T ∗M twisted by gerbe. W transforms under Diff(M)nZ2(M) where Z2(M)

is the 2nd cocycle group and therefore generalised vectors constrained with the

strong constraint transform correctly under the gauge transformations of super-

gravity that we determined at the end of section 2.

We can also interpret the local O(D,D) group simply as the natural orthogonal structure

of these bundles:

O(D,D) ∼= O(TM ⊕ T ∗M) ∼= O(E). (5.58)

We remark the fact that if a submanifold M ⊂ M̂ is not globally defined, we will have

that these results are valid only locally on the patches U , on which we will have E(U)

and TU ⊕ T ∗U and their vectors.

If we antisymmetrise the constraint generalised Lie derivative (5.47) to find the con-

strained C-bracket we find

Jv ⊕ ṽ, w ⊕ w̃KC = [v, w]⊕
(
Lvw̃ − Lwṽ +

1

2
d(ıwṽ − ıvw̃)

)
, (5.59)

that is exactly the Courant bracket (5.33) on the bundle E . Therefore, on a globally de-

fined manifold M the space of generalised vectors constrained with the strong constrain

becomes a Courant algebroid E , while on T-folds it becomes only locally a Courant alge-

broid. This is very important because enstablish a direct relation between Double Field

Theory and Hitchin’s Generalised Geometry (see [24] for an introduction to the field).

In fact Generalised Geometry, a recent and promising field of research in geometry that
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aim to generalise complex and symplectic structures, has proved to be able to reproduce

entirely the geometry of supergravity, with also T-duality, in an elegant fashion (see [25]).

Generalised geometry is built on the generalised tangent bundle TM⊕T ∗M of a manifold

M by using the mathematics of Courant algebroids. This means that on the backgrounds

allowed by Doubled Field Theory we have a clear overlap with Generalised Geometry:

Double Field Theory with the strong constraint reduces to Generalised Geometry on

globally defined manifolds and reproduces it locally on non-geometric backgrounds.

We can define an isomorphism L between the fibres of E and the ones of the generalised

tangent bundle that maps a generalised vector W in its untwisted form Ŵ :

L : Ex −→ TxM ⊕ T ∗xM

W =

w
w̃

 7−→ Ŵ = w ⊕ (w̃ + ıwb).
(5.60)

This map can be easily generalized in a bundle map L(x) : (x,W ) 7→ (x, Ŵ ) that in

components take the matricial form

Ŵ (x) = L(x)W (x), L(x) =

 1 0

−b(x) 1

 (5.61)

Now we can look at the transformation law of the untwisted generalised vectors under

diffeomorphisms of the spacetime manifold M . We have from (5.54) that it is

Ŵ ′(x′) = Λ̂Ŵ (x) (5.62)

where we defined

Λ̂ =

J 0

0 (JT)−1

 , Jµν ≡
∂x′µ

∂xν
. (5.63)

From the relations (5.61) and (5.62) we can obtain the transformation law of the

twisted vector W ∈ ΓE :

W ′(X ′) = L′(X ′)−1Λ̂L(X)W (X), (5.64)

from which we can define the new matrix

Λ ≡ L′−1Λ̂L(X), L′(X ′) =

 1 0

−b′(x′) 1

 (5.65)

We note that that the map L in (5.61) is actually a b-field shift, like the one that we

presented in (3.24), and the map Λ̂ is nothing but a “basis change”, like the one in (3.25).
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It follows that the Λ map, as a combination of these two kind of transformations, will

be an element of the geometric subgroup Γ(D) of O(D,D). Therefore we can clearly see

that we have reduced the general O(D,D) group of transition functions to the geometric

subgroup Γ(D)

It is significative that E and TM⊕T ∗M are trivially also bundles over the the doubled

manifold M̂ . Thus the vector fields W (x), Ŵ (x) can be seen as fields W (X), Ŵ (X) over

the doubled manifold M̂ that are independent from the x̃-coordinates. In this view, the

transformations Λ̂ and Λ are transition function-like maps for diffeomorphisms of the

doubled manifold M̂ of the form

x′ = f(x), x̃′ = x̃, (5.66)

where f ∈ Diff(M) is a diffeomorphism of the spacetime manifold.

5.5.1 Generalised Covectors

Given a vector A ∈ Γ(E), we can lower its index using AM (X) = ηMNA
M (X) and

obtaining the generalised covector A ∈ Γ(E∗):

AM (X) =

ãµ(x)

aµ(x)

 (5.67)

As before the untwisted vector is

ÂM (X) =

âµ(x)

aµ(x)

 =

ãµ(x)− bµν(x)aν(x)

aµ(x)

 (5.68)

and it transforms simply with δvÂM = LvÂM . Similar to before, we can express the

isomorphism between twisted and untwisted covectors as

Â = AL−1, (5.69)

where Lb is the previously defined matrix. Analogously we will have that it transforms

under diffeomorphisms as

Â′(X ′) = Â(X)Λ̂−1, (5.70)

while the twisted form as

A′(X ′) = A(X)Λ−1. (5.71)

5.6 Generalised Tensors

We can extend this procedure that we used to vectors and covectors to a generic gener-

alised (p, q)-tensor field T ∈ Γ(E ⊗ · · · ⊗ E ⊗E ∗⊗ · · · ⊗ E∗). We can define the untwisted
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for of a generalised (p, q)-tensor field as

T̂
M1···Mp

N1···Nq = LM1

A1
· · ·LMp

Ap
T
A1···Ap

B1···Bq (L
−1)B1

N1
· · · (L−1)

Bq
Nq
. (5.72)

This map establish a simple isomorphism between the generalised (p, q)-tensors field

and the (p, q)-tensors of the generalised tangent bundle. Again the untwisted tensor

transforms infinitesimally with δvT = LvT as usual and then the finite transformation

will be

T̂
′M1···Mp

N1···Nq (X
′) = Λ̂M1

A1
· · · Λ̂Mp

Ap
T̂
A1···Ap

B1···Bq (X)(Λ̂−1)B1

N1
· · · (Λ̂−1)

Bq
Nq
. (5.73)

Combining (5.72) and (5.73) and using the Λ matrix previously defined we can write the

transformation of the original twisted tensor as

T
′M1···Mp

N1···Nq (X
′) = ΛM1

A1
· · ·ΛMp

Ap
T
A1···Ap

B1···Bq (X)(Λ−1)B1

N1
· · · (Λ−1)

Bq
Nq
. (5.74)

In particular a generalised tensor TM1···Mp with all indices up is a section of the bundle

E⊗p and its untwisted form a section of (TM ⊕ T ∗M)⊗p. Analogously a generalised

tensor TM1···Mq with all indices down is one of the bundle (E∗)⊗q and its untwisted form

one of (T ∗M ⊕ TM)⊗q.

5.6.1 Metric η

If η was a tensor on the doubled manifold M̂ , then

• it would have been a flat metric, with the following restriction of possibilities of

choice of the doubled manifold M̂ , that would have been flat,

• it would have not been invariant under Diff(M̂).

We previously showed that the generalised tensor η determines a metric 〈·, ·〉 between

generalised vectors that depend on both x and x̃, but it assumes further geometrical

meaning after we applied the strong constraint to remove the dependence on x̃ and

reduce generalised vector fields to sections of E . If we consider it as a tensor of the

generalised tangent bundle, η will determine a canonical symmetric bilinear form on it.

Definition 5.12. We define a canonical metric on the space Γ(TM ⊕ T ∗M) as

〈V̂ , Ŵ 〉TM⊕T∗M ≡ ıvŵ + ıwv̂, (5.75)

where V = v ⊕ v̂ and W = w ⊕ ŵ are two untwisted generalised vector.
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This is nothing but the canonical metric on a Courant algebroid in the particular case

of the generalised Tangent bundle. It is clear that we can also write (5.79) in a form that

makes the role of η explicit:

〈V̂ , Ŵ 〉TM⊕T∗M = V̂ TηŴ , (5.76)

Since the ηMN matrix is a siglet of O(D,D), it will be invariant not only under diffeo-

morphisms, but also under the operator L that maps a twisted tensor to its untwisted

form:

ηMN = ηAB(L−1)A M (L−1)B N , (5.77)

thus we can write in coordinates η̂MN = ηMN . Using this invariance of η under twist by

a gerbe we have

〈V̂ , Ŵ 〉TM⊕T∗M = ηMN V̂
MŴN = ηMNL

M
CL

N
DV

CWD =

= ηAB(L−1)A M (L−1)B NL
M
CL

N
DV

CWD = ηABV
AWB .

(5.78)

Therefore we can use the isomorphism between the generalised tangent bundle and the

bundle E over M also to define a new canonical metric on E .

Definition 5.13. We define a canonical metric on the space Γ(E) as

〈V,W 〉E ≡ 〈V̂ , Ŵ 〉TM⊕T∗M = V TηW (5.79)

where V,W are two generalised vector and V̂ , Ŵ are their twisted forms.

This geometrical interpretation of η as a generalised tensor, element of Γ(E∗ ⊗ E∗),

give us an object correctly invariant under all gauge transformations allowed in Double

Field Theory. Since η is a metric for the bundle E over spacetime manifold M and not

a metric for the tangent bundle of the doubled manifold TM̂ , there are not restrictions

on the geometry of the doubled manifold M̂ . Therefore it is not necessary for a doubled

manifold to be flat.

5.6.2 Generalised Metric

The O(D,D)-tensor H(X) included in the definition of doubled manifold is a matrix field

on M̂ . By using the strong constraint, we can reduce it to a tensor fieldH(x) ∈ Γ(E∗⊗E∗).

We can use the previous procedure to find the untwisted form of the generalised metric:

ĤMN = HAB(L−1)A M (L−1)B N =

gµν 0

0 gµν

 , (5.80)
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that defines a natural metric on the generalised tangent bundle TM ⊕ T ∗M ′ We can

check that, transforming the untwisted generalised metric with

Ĥ′MN (X ′) = ĤAB(X)(Λ̂−1)A M (Λ̂−1)B N , (5.81)

we obtain, as expected, the usual transformation of the spacetime metric g under diffeo-

morphisms:

g′µν(x′) = gαβ(x)
∂xα

∂x′µ
∂xβ

∂x′ν
. (5.82)

If we now tranform the original twisted generalised metric

H′MN (X ′) = HAB(X)(Λ−1)A M (Λ−1)B N , (5.83)

we will find not only that g transforms like a metric on the submanifold M , but also

that b transforms like a gerbe connection on M . We have equipped the global defined D-

dimensional submanifold of M̂ with a metric and a gerbe connection. We can picture this

geometric background as a D-dimensionale brane-like object in a greater 2D-dimensional

manifold M̂ .

5.7 Generalized Connection and Torsion

From this point forward in this section we will use the notions of generalised tensors and

vectors to build on the doubled manifold a new geometry, determined by objects like

generalised connection, generalised torsion and generalised curvature that are natural

extension of their Riemannian counterparts (see [13] for a review). This part of the

theory was essentially founded with [28] (but there exist other formulations like [26] and,

more recently, [29]) and one can see [27] for its supersymmetric version. A coordinate

invariant version of this formalism was proposed in [30].

We can easily verify that ∂MS(X), where S ∈ F(M̂) is a scalar on the doubled

manifold, is a generalised vector field:

δV (∂MS) = ∂M (V N∂NS) = V N∂N∂MS + ∂MV
N∂NS − ∂NVM∂NS (5.84)

where we could add the last term because it vanishes by the strong constraint. However,

given a generalised vector field V , we have that that ∂MV
N (X) is not a generalised

tensor. It would be useful to define an analogous of a connection on the space G of the

generalised vector fields to equip it with a covariant derivative that maps generalised

vectors in generalised vectors.
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Definition 5.14. We define a generalised connection as a map

∇ : G × G −→ G

V, W 7−→ ∇VW
(5.85)

such that it satisfies the usual properties of bilinearity

∇(V+W )Y = ∇V Y +∇WY,

∇V (W + Y ) = ∇VW +∇V Y,
(5.86)

and such that, given a function on the doubled manifold f ∈ F(M̂), we have

∇fVW = f∇VW,

∇V (fW ) = (VM∂Mf)W +∇VW.
(5.87)

Like in the Riemannian instance, since the connection is linear, we can fully deter-

mine a connection by its components, defined by ∇MeN = ΩK MNeK where {eµ} is a

coordinate basis. Using the definition of generalised connection it is easy to determine

the form of the generalised covariant derivative:

∇VW = VM (∂MW
N + ΩN MKW

K)eM , (5.88)

that in coordinates can be can be written as

∇MV N = ∂MV
N + ΩN MKV

K ,

∇MVN = ∂MVN + ΩK MNVK .
(5.89)

Now, in analogy with Riemannian geometry, we can introduce the concept of torsion

on the doubled manifold.

Definition 5.15. The generalised torsion T is the a generalised tensor defined by

(
L̂∇V − L̂V

)
WM = TMNKV

NWK , (5.90)

where L̂∇V denotes the generalized Lie derivative along V with partial derivations ∂M

replaced by covariant derivations ∇M .

In terms of connection components we have that the torsion is

TMNK = ΩMNK − ΩNMK + ΩKMN . (5.91)

Definition 5.16. A generalised Levi-Civita connection is a metric connection ∇ such

that:

(i). it preserves the η metric: ∇MηNK = 0,
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(ii). it preserves the generalised metric: ∇MHNK = 0,

(iii). the partial integration is verified for covariant derivative in presence of dilaton

density: ∫
e−2dVM∇NWN = −

∫
e−2dWN∇NVM (5.92)

(iv). the generalised torsion vanishes: TMNK = 0

From from the last condition and from (5.91) we directly obtain that the connection

components must be totally antisymmetric in the indices to satisfy it: Ω[MNK] = 0.

We can solve the first condition directly on the connection components by calculating

∇MηNK = ∂MηNK − ΩP MNηPK − ΩP MKηNP = 0. (5.93)

We obtain that ΩMNK + ΩMKN = 0 and hence that the connection components are

antisymmetric in the last two indices:

ΩM [NK] = 0 (5.94)

The third condition means, in other words, that the covariant divergence of a generalised

vector field will be

∇MVM = e2d∂M (e−2dVM ). (5.95)

5.8 Generalized Curvature

We can calculate the commutator of two covariant derivation:

[∇M ,∇N ]AK = −R L
MNK AL −−T L

MN ∇LAK . (5.96)

In terms of connection components we find that R L
MNK and T K

MN can be expressed

respectively as

R L
MNK = ∂MΩL NK − ∂NΩL MK + ΩL MPΓP NK − ΓL NPΓP MK ,

T K
MN = 2ΩK [MN ].

(5.97)

If we low the the up index of R L
MNK we will have

RMNKL = ∂MΩNKL − ∂NΩMKL + ΩMPLΩP NK − ΓNPLΓP MK . (5.98)

We can see that RMNKL is antisymmetric under exchange of the first two indices.

But R and T are not the generalised curvature and torsion since they are not gener-

alised tensors. We need to introduce a new generalised tensor that embodies the curva-

ture.
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Definition 5.17. We define the generalised curvature as the generalised tensor

RMNKL ≡ RMNKL +RKLMN + ΩPMNΩP KL (5.99)

where R is determined by the expression (5.96).

We can see by its definition thatRMNKL is symmetric under exchange of the first and

the second pair of indices. From the first condition of a generalised metric connection we

have also that the anstisymmetry of the last two indices of the connection components

ΩM [NK] = implies the antisymmetry of the last two indices of the generalised curvature

too. Moreover for a generalised Levi-Civita connection R[MN ]KL = 0 impliesR[MN ]KL =

0. Summarising all the symmetries of the indices of the generalised curvature that we

have found, we will have

RMNKL = −RKLMN , R[MN ]KL = 0, RMN [KL] = 0. (5.100)

Let us see what happens to the generalised curvature when we apply the condition

that the generalised torsion vanishes everywhere. This constraint on the connection,

as we have seen, implies that the connection components are totally antisymmetric:

Ω[MNK] = 0. Combining this result with the symmetries (5.100), we recover an analogous

of the Bianchi identities:

R[MNK]L = 0. (5.101)

To explicit the condition ∇MHNK = 0 we need to reintroduce the projectors

Π ≡ 1

2
(η −H), Π ≡ 1

2
(η +H), (5.102)

that, as we have seen, project the O(D,D)-module that transforms in the fundamental

representation of O(D,D) respectvively into the subspace GL(D)-module that transforms

in the fundamental representation of GL(D) and into the subspace GL(D)-module that

transforms in the dual representation of GL(D). As projectors, they clearly satisfy the

basic properties Π2 = Π, Π
2

= Π and ΠΠ = 0. From the conditions of generalised metric

connections that η and H must be covariantly constant it follows that also the projectors

satisfy

∇KΠ N
M = 0 = ∇KΠ

N

M . (5.103)

A generalised vector or covector can always be decomposed as VM = (ΠV )M + (ΠV )M

where we have used the notation that the underlined indices run on the projection space

of Π and the overlined ones on the projection space of Π. From now on we will always

use the notation convention Π N
M VN ≡ VM and Π

N

M VN ≡ VM , thus we can always
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write a generalised vector field as VM = VM + VM . Since ΠΠ = 0, that implies that

a mixed contraction of the form VMWM vanishes, we can decompose a contraction of

generalised vector fields as

VMWM = VMWM + VMWM . (5.104)

Every generalise tensor can be projectedusing the two projectors, in particular we can

decompose the connection components as

ΩMNK = ΩMNK + ΩMNK + ΩMNK + ΩMNK+

+ ΩMNK + ΩMNK + ΩMNK + ΩMNK .
(5.105)

Now, if we use the symmetries of the onnection that we have previously found, i.e.

ΩM [NK] = 0 and Ω[MNK] = 0, we are able to rewrite the decomposition of the connection

components as

ΩMNK = ΩMNK + ΩMNK+

+ ΩMNK + ΩMKN + ΩNKM + ΩKNM+

+ ΩMNK + ΩMKN + ΩKMN + ΩNMK ,

(5.106)

thus we only need to find ΩMNK ,ΩMNK ,ΩMNK and ΩMNK to determine the connection.

Following [1112.5296] we can show that the covariant constancy of the projectors fixes

only the last two, leaving the first two undetermined. In fact with a calculation it is

possible to prove that the constriction ∇MΠ K
N = 0 implies

ΩMNK = −Π P
M (Π∂PΠ)KN ,

ΩMNK = −Π
P

M (Π∂PΠ)KN
(5.107)

and ΩMNK ,ΩMNK remain unfixed.

Let us define a covector ΩM obtained by the contraction of the connection components

ΩN ≡ ηMKΩMNK . Using the third constraint of a generalised metric connection it is

easy to see that ΩM = −2∂Md. Following [1112.5296], with a calculation it is possible to

derive an expression for the two terms of the connection that remained undetermined.

We find that

ΩMNK = 4
D−1ΠM [NΠ P

K]

(
∂P d+ (Π∂QΠ)[QP ]

)
+ Ω̃MNK ,

ΩMNK = 4
D−1ΠM [NΠ

P

K]

(
∂P d+ (Π∂QΠ)[QP ]

)
+ Ω̃MNK ,

(5.108)

where the generalised tensors Ω̃MNK and Ω̃MNK are still undetermined and satisfy the

properties

ηMKΩ̃MNK = 0, ηMKΩ̃MNK = 0. (5.109)
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Combining (5.106) with (5.107) and (5.108), we can explicitly decompose the connec-

tion components as ΩMNK = Ω̂MNK + ΣMNK , where the the term

Ω̂MNK = −2(Π∂MΠ)[NK] − 2
(
Π

P

[N Π
Q

K] −Π P
[N Π Q

K]

)
+

+
4

D − 1

(
ΠM [NΠ q

K]

)(
∂Qd+ (Π∂PΠ)[PQ]

) (5.110)

is the determined part, that is fixed by generalised metric and dilaton density, and where

ΣMNK ≡ Ω̃MNK +Ω̃MNK is the undetermined part. Now that we have an expression for

the connection components, we want to explicitly rewrite the determined part in terms

of the field H and d. Using the definitions of the projectors we obtain with a calculation

Ω̂MNK =
1

2
HKP∂MHPN +

1

2

(
δ P
[N H Q

K] +H P
[N δ Q

K]

)
∂PHQM+

+
2

D − 1

(
ηM [Nδ

Q
K] +HM [NH Q

K]

)(
∂Qd+

1

4
HPM∂MHPQ

)
.

(5.111)

Since the projectors are covariantly constant, i.e. ∇Π = 0, we have that they commute

with the commutator of two covariant derivative [∇M ,∇N ]Π L
K VL = Π L

K [∇M ,∇N ]VL.

From the expression (5.96) it follows that RMNKPΠP
L = RMNPLΠP

K and therefore,

multiplying by Π
K

Q, we find

RMNQL=0. (5.112)

Now we want to rewrite the generalised curvature using the full expression (??) for

the generalised connection: we obtain

RMNKL = R̂MNKL + 2∇̂[MΣN ]KL + 2∇̂[KΣK]MN+

+ 2Σ[M |PLΣ P
N ]K + 2Σ[K|PNΣ P

L]M + ΣPMNΣPKL,
(5.113)

where R̂MNKL and ∇̂M are respectively the generalised curvature and covariant deriva-

tive that have Ω̂ as a connection. The expression (5.113) tell us that the generalised

curvature does not depend only on the fields H and d, because it contains always an

undetermined part.

5.9 Generalized Scalar Curvature

Let us consider the contraction of the first pair of indices with the second pair of the

generalised curvature

R MN
MN = R MN

MN +R MN
MN

+ 2R MN

MN
. (5.114)

Since the last term vanishes, the final resul will be

R MN
MN = R MN

MN +R MN
MN

. (5.115)
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If we compute these terms using the definition of generalised connection

R MN
MN = 2R

MN
MN + ΓMNKΓMNK

= 4∂MΩM + 2ΩMΩM + 2ΩMNKΩKMN + ΩMNKΩMNK = 0,
(5.116)

we find that it vanishes and therefore that we have that the two terms of (5.115) are

inverse. This fact motivates the following definition.

Definition 5.18. The generalised scalar curvature is defined as

R ≡ R MN
MN = −R MN

MN
. (5.117)

Although the generalised curvature has an undetermined part, we need a scalar cur-

vature that depends only on the generalised metric and on the dilaton density to write

a generalisation of Einstein-Hilbert action for Double Field Theory. Coherently the gen-

eralised scalar curvature that we just defined has this crucial property.

Lemma 5.19. The generalised scalar curvature R is univocally determined by the fields

H and d, i.e. it does not contain an undetermined part.

We can show this starting with the component RMNKK of the curvature and doing

one contraction at time: the first will be

ηNLRMNKL = R N
MNK − ∇̂L

(
Ω̃MKL + Ω̃KML

)
+

+ Ω̂
L

MQ Ω̃
Q

LK + Ω̃
L

KQ Ω̃
Q

LM + Ω̃QMLΩ̂
Q L

K .
(5.118)

After the second contraction with ηMK we will obtain:

R = R̂MN
MN + Ω̃MQLΩ̃LMQ + Ω̃KQN Ω̃NKQ + Ω̃QMN Ω̃QMN

= R̂MN
MN + Ω̃MQL

(
Ω̃LMQ + Ω̃MQL + Ω̃QLM

)
= R̂MN

MN ,

(5.119)

and all the terms that was dependent on the undetermined quantities are eliminated.

Finally we can explicitly write the generalised scalar curvature in dependence on the

generalised metric and the dilaton density by replacing the connection (5.110) in its

definition. We obtain

R(H, d) = 4HMN∂M∂Nd− ∂M∂NHMN+

+ 4HMN∂Md∂Nd+ 4∂MHMN∂Nd+

+
1

8
HMN∂MHKL∂NHKL −

1

2
HMN∂MHKL∂KHNL.

(5.120)
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5.10 Coordinate-free Torsion and Curvature

In the discussion of generalised connection, torsion and curvature we used a coordinate-

dependent formalism. The work [x] proposes an attempt to formulate these concepts in

a new fashion that is independent from coordinates generalising the usual definitions of

Riemannian geometry. We will list the main results of this proposal.

We can start by considering the usual torsion tensor in differential geometry, defined

by

T (u, v) ≡ ∇uv −∇vu− [u, v]. (5.121)

Using the inner product between vector fields we can define a function T (u, v, w) ≡

〈T (u, v), w〉 that satisfies the tensorial scaling property T (fu, gv, hw) = fghT (u, v, w)

for all functions f, g, h. We can generalise this object to define a generalised torsion by

replacing vectors with generalised vectors and the Lie bracket with the D-bracket and by

adding an extra term to preserve the scaling property:

T (U, V,W ) ≡ 〈∇UV −∇V U − [U, V ]D,W 〉+ 〈V,∇WU〉. (5.122)

In coordinates this object takes the form TMNP = Ω[MNP ] that we have seen in the

previous section.

For what it concerns the generalised curvature the argument is analogous: we can

start with the usual definition of curvature:

R(u, v, w) ≡ ([∇u,∇v]− [u, v])w (5.123)

and define a function R(u, v, w, z) ≡ 〈[∇u,∇v] − [u, v]w, z〉 that satisfies the scaling

property. Now we replace vectors with generalised vectors and the Lie bracket with

the D-bracket and then we add the extra terms that are needed to preserve the scaling

property. We will have the generalised curvature:

R(U, V,W,Z) ≡ 〈([∇U∇V ]−∇[U,V ]D)W,Z〉+

+ 〈([∇W∇Z ]−∇[W,Z]D)U, V 〉+

+ 〈U,∇WM
V 〉〈Z,∇WMW 〉.

(5.124)

In coordinates it becomes R(U, V,W,Z) = UMV NWKZLRMNKL, where RMNKL is the

generalised curvature that we defined in the previous section:

RMNKL = ∂MΩNKL + ∂NΩMKL + ΩMPLΩ P
NK + ΩNPLΩ P

MK . (5.125)
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5.11 Free Double Field Theory

We have seen that a doubled manifold (M̂,H, d) is equipped with the generalised fields

H and d, that embody the supergravity fields g, b, φ. To have a theory that is fully

covariant for gauge transformations generated by the generalised Lie derivative, that

includes spacetime diffeomorphisms and transformations of the gerbe connection, we

want to define an action that is a functional of the generalised fields. In particular we

want trivially that the theory reproduces the action of usual supergravity. To satisfy

these requests we define a generalisation of Einstein-Hilbert action:

SDFT[H, d] =

∫
M̂

R(H, d)Vol(d), (5.126)

where R(H, d) is the generalised scalar curvature and where we can use as volume form

Vol(d) ≡ e−2dd2DX = e−2ddDxdDx̃ that depends only on the dilaton density. We can

write the action in a way to explicit the generalised curvature:

SDFT[H, d] =

∫
M̂

dDxdDx̃e−2dR =

∫
M̂

ΠMKΠNLR̂MNKL. (5.127)

Since the projector is defined as Π = (η − H)/2, if we have a variation δH in the

generalised metric it will produce a variation δΠ in the projector. From the property

Π2 = Π it follows that the variation will be δΠ = ΠδΠ + (δΠ)Π and analogously for the

other projector Π. We can explicit the variation of the projectors in dependence only on

an unconstrained matrix K as

δΠ = ΠKΠ + ΠKTΠ = −δΠ. (5.128)

Now, using this expression, we can compute the variation of the action

δSDFT = 2

∫
M̂

dDxdDx̃e−2d

(
δΠMKΠNLR̂MNKL + 2ΠMKΠNL∇̂[MδΩ̂N ]KL

)
, (5.129)

where we used δd = 0. We can partially integrate the covariant derivative ∇̂[MδΩ̂N ]KL

and eliminate it. We can compute

δSDFT = 2

∫
M̂

dDxdDx̃e−2d

(
Π
MPKPQΠQK + ΠMQKPQΠ

PK
)

ΠNLR̂MNKL

= 2

∫
M̂

dDxdDx̃e−2dKPQ
(
R̂PLQL +RQLPL

)
= −4

∫
M̂

dDxdDx̃e−2dKNMRK
MKK

,

(5.130)

where we dropped the hat, since the expression does not depend on the undetermined

part of the connection. We need to note that RK
MKK

= RMN and finally we can write
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the field equations of free Double Field Theory:

0 =
δSDFT

δ(−4KNM )
= RMN , (5.131)

where RMN can be interpreted as the analogous of the Ricci tensor in Riemannian

geometry.

Alternatively, instead of (5.127), we can compute using the definition of generalised

scalar curvature the variation of the action SDFT = −
∫
M̂

dDxdDx̃e−2dδΠ
MK

Π
NLR̂MNKL.

Since δΠ = −δΠ. We end with an equivalent formulation of the field equations: RMN =

0. This fact suggests that there must be a generalised Ricci tensor defined by

RMN = RMN +RMN . (5.132)

If we consider a variation of the generalised metric δH = −2(ΠKΠ + ΠKΠ) with the

matrix K symmetric, we have a variation of the action

δSDFT = −2

∫
M̂

dDxdDx̃e−2dKMNRMN , (5.133)

where RMN is the proper generalised Ricci tensor. Therefore the field equations of

DOuble Field Theory will be simply:

RMN = 0. (5.134)

The Bianchi identities is given by the invariance of the action under gauge transfor-

mation generated by a generalised vector V . If we use the symbols δV and δV to indicate

respectively a gauge variation respect to the vector VV and VV , we can obtain the Bianchi

identities by asking that δV SDFT = 0 = δV SDFT. They take the form:

∇MR− 4∇NRMN = 0,

∇MR− 4∇NRMN = 0.
(5.135)

Finally it is shown in [3] that the action of free Double Field Theory (5.127), if we

regroup the terms depending on which kind of derivatives ∂µ or ∂̃µ they have, can be

decomposed in three terms

SDFT =

∫
M

dDx
√
|g|e−2φ

[
R+ 4(∂φ)2 − 1

2
H2

]
+

+

∫
M̃

dDx̃
√
|g̃|e−2φ̃

[
R̃+ 4(∂φ̃)2 − 1

2
H̃2

]
+ Smixed,

(5.136)

where the first one is the usual action of supergravity on the geometric background

(M, g, b, φ), the second one is the dual theory on the dual background (M̃, g̃, b̃, φ̃) and

the third one have terms with mixed derivatives.
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6 Heterotic Double Field Theory

We will briefly discuss the main concepts behind Heterotic Double Field Theory, a gen-

eralisation of Double Field Theory founded by that reproduces the low-energy limit of

heterotic string theories. We will follow mainly the fundamental [31] and partially [32] by

starting with the presentation of the abelian case and we will illustrate the generalisation

in which the gauge fields are non-abelian.

6.1 Abelian Gauge Fields coupled to DFT

We need to define an enlarged doubled space RD,D+n with coordinatesXM = (xµ, x̃µ, y
i),

where the (xi, x̃i) are the coordinates for the usual doubled space RD,D and the y are

the coordinates for n extra dimensions Rn. We introduce the O(D,D + n)-invariant η

matrix

ηMN =


0 1 0

1 0 0

0 0 1

 (6.1)

that we can use to raise and lower the indices of the O(D,D + n)-vectors. We can also

equip the doubled torus bundle with a generalised metric of the form

HMN =


gµν + Cαµg

αβCβν +A k
µ Aνk −gναCαµ Cαµg

αβAβj +Aµj

−gµαCαν gµν −gµαAαj
Cανg

αβAβi +Aνi −gναAαi δij +Aiαg
αβAjβ

 (6.2)

where g, b are the metric and the gerbe connection of the doubled torus, where the

{Am}m=1,...,d are d vector fields on the base manifold N and where we defined

Cµν ≡ bµν +
1

2
AkµAkν . (6.3)

This generalised metric satisfies the conditionH−1 = ηHη and it is O(D,D+n)-covariant

under a transformation X ′ = hX of the coordinates where h ∈ O(D,D + n):

H′(X ′) = hTH(X)h. (6.4)

Given a O(D,D + n)-vector field V = (vµ, ṽµ, V
i)T and imposing the strong constraint

∂̃µ = 0 = ∂i we can calculate as shown in [31] the infinitesimal gauge transformations of

the generalised metric, obtaining for the fields

δV gµν = (Lvg)µν ,

δV bµν = (Lvb)µν + 2∂[µṽν] +A[µ|k∂ν]V
k,

δVA
k
µ = (LvA) kµ + ∂µV

k.

(6.5)
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As usual we define the generalised Lie derivative of two O(D,D + n)-vector fields

V = (vµ, ṽµ, V
i)T and W = (wµ, w̃µ,W

i)T as

(L̂VW )M ≡ V N∂NWM +WN (∂MVN − ∂NVM ) (6.6)

and, imposing the strong constraint ∂̃µ = 0 = ∂i that now needs to equate to zero also

the derviatives along the n extra dimensions, we find the components

(L̂VW )M =


(Lvw)µ

(Lvw̃)µ + wα(∂µṽα − ∂αṽµ) +W k∂µVk

vα∂αW
i − wα∂αV i

 . (6.7)

We note that for infinitesimal transformations generated by the generalised Lie deriva-

tives the component vµ transforms like a vector, while ṽµ does not transform exactly

as a 1-form. The vector bundle formed by these objects is equivalent to the bundle

TM ⊕ T ∗M ⊕ V , where TM ⊕ T ∗M is the generalised tangent bundle and V is a vector

bundle with sections V i. The C-bracket reduces on the bundle TM ⊕ T ∗M ⊕ V to a

direct generalisation of the Courant bracket:

Jv + ṽ + V,w + w̃ +W K ≡ [v, w]+

+ Lvw̃ − Lwṽ −
1

2
d(ıvw̃ − ıwṽ)− 1

2

(
V kdWk −W kdVk

)
+

+ LvW − LwV,

(6.8)

that reduces to the standard Courant bracket for V i,W i = 0. Moreover, in our choice

of basis on V , this bracket has the property to close the algebra of the abelian gauge

transformations of the b-field parametrized by the vectors V i. From the infinitesimal

variations (6.5) we can see that, given two vectors Λi,Σi ∈ V , the commutator of the

infinitesimal variations acting on the gerbe connection b is [δΛ, δΣ]bµν = δṽbµν with

ṽµ ≡ 1
2

(
Λk∂µΣk − Σk∂µΛk

)
.

We can simply compute the action of free Double Field Theory on this enlarged space

SDFT[H, d] =

∫
M̂

dDxdDx̃dnye−2dR(H, d) (6.9)

and, as it is proved in [31], if we impose the strong constraint ∂̃µ = 0 = ∂i the action

SDFT will reduce up to boundary terms to the action of Einstein-Hilbert coupled to a

dilaton and a gerbe connection b:

S[g, b, φ] =

∫
M

[
R+ 4(∂φ)2 − 1

12
ĤµνλĤµνλ −

1

4
FµνkFµνk

]
, (6.10)
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where the modified field strenght of the gerbe connection is the three 3-form is

Ĥ = ∂[µbνλ] − ∂µA k
[νAλ]k. (6.11)

6.2 Yang-Mills Fields coupled to DFT

Now we will explore the basic concepts of the non-abelian generalisation of the theory

that we just discussed. First of all we need to redefine the η matrix as

ηMN =


0 1 0

1 0 0

0 0 κ

 , (6.12)

where κij is the Cartan-Killing metric of the gauge group G. The definition of the

generalised metric stay formally the same of the abelian (6.2), but we will see that the

gauge fields A i
µ will be non-abelian. Now we introduce a doubled generalisation of the

structure constants of a group fMNK : this object needs to satisfy three constraints:

(i). the adjoint action of fMNK left ηMN invariant: f
(M
NKη

P )K

(ii). it satisfies the Jacobi identities fMNKf
N
LP

(iii). we have the differential constraint fMNK∂M ina ddition to the usual strong con-

straint.

These conditions are satisfied as a particular instance from a fMNK of the form

fMNK =

f
i
jk for (M,N,K) = (i, j, k)

0 else

, (6.13)

where f i jk are the structure constants of a non-abelian group G, together with the dif-

ferential condition ∂i = 0. This particular choice breaks the global symmetry O(D,D+n)

to mathrmO(D,D)×G. Now we need to introduce the deformed gauge transformations

of a generalised vector W parametrized by V :

(δVW )M = (L̂VW )M − V NfMNKW
K ,

(δVW )M = (L̂VW )M + V KfN KMWN ,
(6.14)

that can be extended for a generalised tensor as the generalised metric:

(δV )
MN

= (L̂VH)MN − 2V P f
(M
PKH

N)K . (6.15)

By the constraint (i) the generalised tensor η is left invariant by these transformations.

The constraint (ii) implies that the partial derivative of a scalar transforms covariantly
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and that, if the parameter is a gradient VM = ∂MS, the variation of the generalised

metric δVH = 0 will vanish. If we impose the strong constraint ∂̃µ = 0 = ∂i we will have

that the for a variation parametrized by Λi the gauge fields A i
µ will transform as

δΛA
i
µ = ∂µΛi + f i jkA

j
µΛk, (6.16)

while the gerbe connection transform exactly as in the abelian instance. Given two

generalised vectors V1 and V2, if we want to calculate the commutator of the variations

on a generalised vector W we find that

[δV1 , δV2 ]WM = L̂V12W
M − V N12 f

M
NKW

K , (6.17)

where the generalised vector V12 is defined as V12 ≡ JV1, V2KC−fMNKV
N
1 V K2 . Therefore

we have that the closure of the gauge algebra is obtained with a dformed version of the

C-bracket by the structure constant fMNK . Thus we can define f -bracket between two

generalised vectors V and W as

JV,W Kf ≡ JV,W KC − fMNKV
NWK (6.18)

If we want to write an action for this theory we need to redefine the generalised scalar

curvature, since it was defined to satisfy the property to transform as δVR = VM∂MR

under generalised derivative. We need a new scalar curvature such that the expression

δVR = VM∂MR is valid also for deformed gauge transformation (6.14). It is proved

in [31] that the new generalised scalar curvature will be

Rf ≡ R−
1

2
fMNKHNPHKQ∂PHQM −

1

12
fMKP f

N
LQHMNHKLHPQ+

− 1

4
fMNKf

N
MLHKL −

1

6
fMNKfMNK

(6.19)

and that the action, imposing the constraints, will reduce to the Einstein-Hilbert gravity

coupled to a graviton, a b-field and Yang-Mills fields A i
µ:

S[g, b, φ] =

∫ [
R+ 4(∂φ)2 − 1

12
ĤµνλĤµνλ −

1

4
FµνkFµνk

]
(6.20)

where the field strenght of the gerbe connection is modified by a Chern-Simons 3-form:

Ĥ = db− Tr

(
AdA+

2

3
A3

)
. (6.21)

and where the field strength of the Yang-Mills fields is defined as

F k
µν ≡ ∂µA k

ν − ∂νA k
µ + fkijA

i
µA

j
ν . (6.22)
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Conclusion

As we have seen, this sector of research is currently extremely active and there is a

wide range of new ideas. One of the first fields of study deals with flux compactification

in Double Field Theory, well-reviewed in [13]. Another interesting area of research is

about the proper method to include the α′ corrections from supergravity to Double Field

Theory: a step in this direction was firstly present in [28] and the argument was better

developed in [33]. It was argued that, since the α′ corrections depend on terms built with

the usual Riemann tensor like the squared RµναβR
µναβ , this provokes problems with the

covariance of the theory. A new formulation in terms of the generalised Riemann tensor is

needed and such a theory is expected to shed new light on the problem of its undetermined

components.

Double Field Theory allow us to describe geometrically T-folds, that are non-geometric

backgrounds that arise from the inclusion of T-duality in the transition functions. This

fact stimulates more research about these objects and about the field theories that they

originate, for example using the tools of Lie algebroids. Since the in original formula-

tion of Doubled Field Theory only bosonic degrees of freedom are considered, we can

directly generalise it with the inclusion of supersymmetry and, therefore, of fermions:

Supersymmetric Double Field Theory is introduced in [35] (see also [27] for an analysis

of its geometry).

We have seen that the algebra of Double Field Theory closes only if it is constrained,

but there exists the possibility to relax the strong constraint that is a stronger restriction

respect to what we need to impose. There are other solutions that allow the field to

truly depend on all the 2D coordinates (see for example [36] and [37]). We have also

an increasing number of attempts in pure mathematics to give rigorous mathematical

foundations to Double Field Theory. For example [34] tried to formulate the theory

and the strong constraint abstractly in terms of symplectic supermanifolds, while [38]

attempted to do it on para-Kahler manifolds and then to generalise the procedure on

para-Hermitian manifolds in [39]. Although this is only a beginning, the mathematical

perspective could lead to relevant results.

M-theory with a torus compactification of n dimensions has a total U-duality sym-

metry group En(n). C. Hull in [40] proposed to use an exceptional version of the usual

Generalised Geometry with an extended generalised tangent bundle with higher powers
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on the manifold M (for instance TM ⊕ Λ2T ∗M ⊕ Λ5T ∗M ⊕ Λ6TM for n ≤ 7) to re-

produce U-duality group in analogy with how ordinary Generalised Geometry embodies

T-duality (see also the fundamental [41] and [42]). It follows the birth of a new field of

research, the Exceptional Field Theory, that generalise Double Field Theory by making

the whole U-duality symmetry manifest with the enlargement of the internal space to an

extended new space on which the exceptional Lie groups can act geometrically.

Double Field Theory give us deep insights in what a new stringy geometry should

look like and in the properties of strings beyond Riemannian geometry. Double Field

Theory indeed is able to describe not only a string in a O(D,D)-covariant manner, but

also its low-energy limit, beyond supergravity. From our exposition is clear that, with

the fundamental feature of realising locally Generalised Geometry, it can describes string

backgrounds much more general than the geometric torus bundles of supergravity, like

T-folds. Certainly the limits of the theory suggest that the bigger geometrical picture is

yet to be fully discovered and understood, but Double Field Theory is also quite young

and it is producing relevant theoretical results and various links to other branches of

research.
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A Generalised Coordinate Transformations Proposal

The proposal of Generalised coordinate transformations (see [44] and [43]) is an alterna-

tive attempt to write the finite gauge transformations of Double Field Theory in terms of

generalised coordinate transformations of the doubled manifold. We will briefly explain

this approach to DOuble Field Theory and we will enlight the main problematics.

We will assume that for a scalar field S(X) ∈ F(M̂) on the doubled manifold the

coordinate transformations are the usual S′(X ′) = S(X). Considering an infinitesimal

transformation X ′ = X − ξ(X) and expanding to the first order S′(X ′) = S′(X) −

ξM∂MS(X) +O(ξ2), it follows that the variation of the scalar will be the usual

δξS(X) ≡ S′(X)− S(X) = ξM∂MS(X) (A.1)

Now we need to give a transformation law for a generalised vector field V (X) on

the doubled manifold. We must assume that for the infinitesimal transformation X ′ =

X − ξ(X), the variation is

δξV (X) ≡ V ′(X)− V (X) = L̂ξV (X) (A.2)

where L̂ξ is the generalised Lie derivative along ξ.

V ′(X ′) = F(X ′, X)V (X) (A.3)

where we defined F(X ′, X) matrix as the anticommutator of the partial derivatives

F(X ′, X) ≡ 1

2

{
∂X

∂X ′
,
(∂X ′
∂X

)T
}
. (A.4)

In coordinates it takes the form:

F N
M ≡ 1

2

(
∂XP

∂X ′M
∂X ′P
∂XN

+
∂X ′M
∂XP

∂XN

∂X ′P

)
(A.5)

Expanding to first order V ′(X ′) = V ′(X) + ξM∂MV (X) +O(ξ2)

A.1 Spacetime Diffeomorphisms

x′ = f(x), x̃′ = x̃ (A.6)

For this particular transformation it is easy to show that that the two terms of F are

actually equals, therefore we will have

FNM =
∂XQ

∂X ′M
∂XQ

∂X ′N
(A.7)
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If we consider, for simplicity, the components Hµν = gµν of the generalised metric we

will obtain

g′µν(x′, x̃′) =
∂x̃λ
∂x̃µ

∂xλ

∂x̃α
∂x̃ρ
∂x̃ν

∂xρ

∂x̃β
gαβ(x, x̃). (A.8)

Using the fact that x̃′ = x̃ this can be rewritten as

g′µν(x′, x̃′) =
∂x′µ

∂xα
∂x′ν

∂xβ
gαβ(x, x̃) (A.9)

that is the usual transformation of a contravariant 2-tensor. If we repete this argument

for the component H ν
µ = bµλg

λν we will obtain the usual

b′µν(x′, x̃′) =
∂xµ
∂x′α

∂xν
∂x′β

bαβ(x, x̃), (A.10)

therefore this kind of coordinate transformations correctly reproduces the action of a

diffeomorphism of the starting manifold M on the fields.

A.2 b-field Gauge Transformations

If we consider a coordinate transformation in which we act only on the of the form

x′ = x, x̃′ = x̃− ξ̃(x) (A.11)

that is essentially a translation in the x̃-coordinates depending on x we will obtain a

change in the fields as

g′µν(x′, x̃′) = gµν(x, x̃)

b′µν(x′, x̃′) = bµν(x, x̃) + ∂µξ̃ν(x, x̃)− ∂ν ξ̃µ(x, x̃),
(A.12)

that is a gauge transformation of the gerbe connection b.

A.3 Trivial Gauge Transformations

We can consider a diffeomorphism on the doubled manifold M̂ of the form

X ′M = XM − ∂Mχ (A.13)

for some function χ : M̂ → R. Now we can use the result of [arXiv:1207.4198], according

to which for a trasformation of the form X ′ = X − ξ(X) we have

F = 1 +A−AT +

∞∑
n=2

(
An − 1

2
An−1AT

)
(A.14)

where we defined ANM = ∂Mξ
N . In this specific occurence ξM (X) = ∂Mχ(X) so that

ANM = ∂M∂
Nχ is a symmetric matrix. The strong constraint imposes to A that ATA = 0
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for every transformations of this form. Therefore we only can have F = 1 and it follows

from it that the generalised coordinate transformation does not change the generalised

metric

H′(X ′) = FH(X)FT = H(X). (A.15)

Expanding at the first orderH′(X−Ξ) = H′(X)−ξM∂MH′(X)+O(ξ2) and recalling that

ξM = ∂Mχ we conclude that because of the strong constraint all terms in the expantion

are null and therefore we have that the fields don’t change:

H′(X) = H(X). (A.16)

A.4 Non-associativity and Problematics

However this framework has revealed to be rather problematic (see [19]). First of all

for a simple diffeomorphism of the doubled manifold of the form X ′ = e−ξ
M∂MX this

method does not work properly, since it does not reproduce the expected trnasformation

T ′(X) = eL̂ξT (X) for a generalised tensor T . Moreover, given two diffeomorphisms f

and g of the doubled manifold, we have that the F matrix does not satisfy the expected

composition law:

F(X ′′ ← X) 6= F(X ′′ ← X ′)F(X ′ ← X), (A.17)

where X ′ = g(X) and X ′′ = f(X ′) = f ◦g(X). To remedy these issues it was argumented

in [44] that actually the gauge transformation determined by a generalised Lie derivative

L̂ξ should be written in terms of diffeomorphisms of the doubled manifold as

X ′ = e−ΘM (ξ)∂MX, (A.18)

where Θ(ξ) = ξ+O(ξ3). This fact can be explained by asking for a function Θ(ξ) of the

form

ΘM (ξ) ≡ ξM +
∑
i

ρ(ξ)∂Mχ(ξ), (A.19)

where ρ, χ are functions of ξ and X. This implies that, if we constrain the theory with

the strong constraint, we have ΘM (ξ)∂M = ξM∂M and therefore their generalised Lie

derivatives are the same L̂Θ(ξ) = L̂ξ. If write the transformation with parameter xiof a

generalised tensor as T ′ = k(ξ)T , we can also write a composition of two transformations

as T ′ = k(ξ1)
(
k(ξ2)T

)
≡ k(ξ12)T , where ξ12 is given by

ξ12 = ξ1 + ξ2 −
1

2
[ξ1, ξ2] + . . . , (A.20)

with the usual commutator [·, ·]. In [44] was argumented that the multiplication of these

transformations must be replaced by a new star product k(ξ12) = k(ξ1) ? k(ξ2) that
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has the effect to replace the C-bracket J·, ·KC to the Lie bracket [·, ·] in (A.21). The

particularity of these transformations that they do not form a group with the ?-product,

since we have a violation of associativity:

(
k(ξ1) ? k(ξ2)

)
? k(ξ3) 6= k(ξ1) ?

(
k(ξ2) ? k(ξ3)

)
. (A.21)

This violation of associativity on the one hand is quite problematic, but on the other

hand could also open avenues to the discussion of non-associative geometry in Doubled

Field Theory and in general in String Theory.
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